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Preface 


The Riemann integral is the most familiar integral to mathematicians and those in 
fields that merely use mathematics alike. Now, the characterization of Riemann 
integrable functions relies on the notion of sets of Lebesgue measure zero, and a 
Riemann integrable function on a bounded interval is Lebesgue integrable there; 
thus, in a way, the Lebesgue integral is more general than the Riemann integral. 
On the other hand, the Lebesgue integral can be expressed as a Riemann-Stieltjes 
integral [80] or as an improper Riemann integral [41]. Moreover, there are instances 
when the Riemann integral is applicable whereas the Lebesgue integral is not, for 
example, when uniformly distributed sequences or improper integrals are involved. 

These considerations give us pause for thought as to the role the Lebesgue theory 
plays in Riemann integration. R. W. Hamming has expressed his feelings in this 
matter forcefully, “...for more than 40 years I have claimed that if whether an 
airplane would fly or not depended on whether some function that arose in its design 
was Lebesgue but not Riemann integrable, then I would not fly in it. Would you? 
Does Nature recognize the difference? I doubt it!” [43]. 

As for us, in this book we introduce the tools necessary for developing the 
Riemann integral as seen through the lens of Riemann’s original viewpoint, and 
show its handiness in computations and applications. 

Our approach rests on three basic observations. The first is a Riemann integrabil- 
ity criterion in terms of oscillations, which is a quantitative formulation of the fact 
that Riemann integrable functions are continuous almost everywhere with respect 
to the Lebesgue measure. Second, we analyze the nature of the Riemann sums, and 
introduce the concepts of admissible families of partitions and modified Riemann 
sums; the latter is motivated by an experiment in signal retrieval [64] and allows 
for sets other than intervals in the definition of Riemann sums. Lastly, we exploit 
the fact that most numerical quadrature rules make use of carefully chosen Riemann 
sums, and thus the Riemann integral, be it proper or improper, is most appropriate 
for this endeavor. 

The book is intended for mature graduate students, whom it will serve as an 
up-to-date primer, and researchers and teachers in mathematics and surrounds, 
whom it will serve as an advanced resource tome on Riemann integration and 


Vii 
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its applications. It draws only on a proof-based familiarity with the Riemann 
integral, though extends these concepts in several sophisticated directions. This 
unusual combination means it is potentially accessible to those enthusiasts interested 
in exploring the possibilities of Riemann’s original notion of integral, including 
those intrepid undergraduates keen to glimpse a world without Lebesgue, though 
appropriate guidance would be required. 

It is always a pleasure to acknowledge the contributions of those who make a 
project of this nature possible. The Tech Support Team was prompt and efficient. 
And, the book owes much to the vision and insight of Dr. Loretta Bartolini, who 
was the best editor this ambitious project could have had. 


Bloomington, IN, USA Alberto Torchinsky 
February 2022 
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Chapter 1 ®) 
Introduction hook for 


Bernhard Riemann submitted his Habilitationsschrift—the postdoctoral examina- 
tion required to qualify to lecture at a university—to the University of Gottingen 
at the end of 1853. He had spent 30 months working on the dissertation, and in 
the fourth section, entitled “Ueber den Begriff eines bestimmten Integrals und den 
Umfang seiner Giiltigkeit” (“On a notion of a definite integral and the scope of its 
validity”), Riemann introduced the following condition for a function to have an 
integral on an interval. 

Let J = [a, b] be a bounded interval in R, and let (P, C) be a tagged partition 
of 7, i.e., a partition P = {l,..., Im} of J together with a set C = {c1,..., Cm} 
of points in J such that cy, € J, for 1 < k < m. Given a real-valued function f 
defined on J, let S(f, P, C) denote the Riemann sum of f with respect to the tagged 
partition (P, C) of J, 1.e., 


SEP, C)= >> Flee) lhl. (1) 
k=1 


Then, we say that f is Riemann integrable on I if there is a real number R with 
the following property: For every ¢ > 0, there exists 6 > 0 such that | S(f, P, C) — 
R| < ¢ for every tagged partition (P, C) of J with mesh ||P|| = maxg{|J;|} < 6. In 
that case, 1 / = R denotes the Riemann integral of f on I. 

Earlier, in the twenty-first lecture of the influential Résumé des lecons données a 
l’Ecole royale polytechnique sur le calcul infinitésimal (Summary of Lectures given 
at the Royal Polytechnic School on the Infinitesimal Calculus), published in 1823, 
Augustin Cauchy had defined the definite integral of a continuous function f as the 
limit of sums, rather than in terms of antiderivatives as had been traditional during 
the seventeenth and eighteenth centuries [18]. 

Now, whereas Cauchy restricted the tags in the Riemann sums of f to the left 
endpoints of the partition intervals, Riemann allowed for the free choice of the tags 
within each interval [82]. D. C. Gillespie observed that restricting the tags in (1) 
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above to the left endpoints of the partition intervals defines the same integral [39], 
and generalizations of this observation have been given in [1, 55]. 

Due to its intuitive formulation as the “area under the curve” and its many 
applications outside of mathematics, the Riemann integral is perhaps the most 
familiar integral for mathematicians and non-mathematicians alike. And, although 
mathematicians may agree that Riemann’s approach is an easy way to think about 
integration, they are quick to point out its limitations. 

For one, there is the evaluation of the limit in (1). Carr and Hill observed that the 
existence of the limit and its value depend upon both the manner of subdivision of [ 
and the restriction of the summation to prescribed subsets of {1, ..., m}, or patterns. 
They considered the case when J is subdivided into n equal subintervals, and the 
prescribed subsets form a variable or fixed pattern (defined below). In the latter case, 
the resulting limit, provided it exists, is the pattern integral of f, [17]. McShane 
noted that the sum is not a single-valued function of the number of subdivisions 
and questioned what kind of limit is taken [68]. Renz observed that the numerical 
treatment of (1) is awkward and that the limit of the Riemann sums, which involve 
arbitrary partitions and tag points, is complicated [79]. Chui examined the rate of 
convergence of the right and uneven Riemann sums of f to the integral of f when 
T is subdivided into n equal subintervals and noted the similarity with the behaviour 
of the sequence of the Fourier coefficients of f, [19, 20]. Bennett and Jameson 
considered conditions that ensure that the left, right, and other related Riemann sums 
of f, including the upper and lower sums, converge monotonically to the integral of 
f when I is subdivided into n equal subintervals [8]. Sklar restricted the partitions 
to a regular sequence and defined the Riemann integral sequentially [90]. He also 
introduced the uniform integral of f, which is defined as an ordinary numerical limit 
and which coincides with the Riemann integral of f when f is Riemann integrable, 
[85, 106]. Earlier, Bromwich and Hardy made use of this concept in dealing with the 
representation of improper Riemann integrals as a limit of infinite Riemann sums 
[12], and Wintner [108] and Ingham [48] used it in the proof of the prime number 
theorem. Osgood and Shisha introduced the dominated (and the simple) integral in 
order to apply quadrature formulas to the numerical evaluation of improper Riemann 
integrals. The dominated integral of f is defined by means of a single limit, and 
when it exists, it agrees with the improper Riemann integral of f, [72]. 

In this monograph, we will address these observations within the framework 
of the theory of Riemann integration in a simple, transparent manner, one that is 
adaptable to computations. To accomplish this, we will introduce the notion of 
admissible family TI of partitions of J and the associated IIl-Riemann integral on 
I. We will prove that if the partitions in (1) are limited to an admissible family, 
the resulting I1-integral coincides with the Riemann integral on 7. As for the 
summation, as in the Lebesgue integral, we will allow for sets other than intervals 
in the partitions. This we will achieve by means of the modified Riemann sums of 
Ff, [100]. 

A particular instance of these sums was first considered in an experiment in signal 
retrieval; we describe a simplified version of the physical situation in EE terms 
[64]. One of the most common means of information transmission is amplitude 


1 Introduction 3 


modulation (AM), where a signal of frequency f is multiplied by a carrier wave 
at a much higher frequency f,, permitting signal transmission over long distances. 
Generally, the receiver recovers the originally modulated signal by multiplying the 
received waveform by a “local oscillator’, i.e., a local copy of the carrier wave at fo, 
and then filtering away the high-frequency components, forming the basis of AM 
radio. Occasionally, however, direct analysis of the signal itself is required rather 
than first demodulating the carrier wave, e.g., when a local oscillator field is not 
available. In these cases, it becomes necessary to develop an accurate treatment of 
the original signal itself. 

When the signals are modulated by a carrier square wave of unit amplitude, 
as may occur in fast digitization of modulated signals, two considerations come 
into play. First, of course, Gibbs’ phenomenon [33]. And, second, the realization 
that the operations on the original signal correspond to the integration of a 
continuous function f over a domain where the support of f is periodically 
reduced by a factor of 1/2. In terms of the approximating Riemann sums of the 
integral of f, this translates into halving each interval that appears in the Riemann 
sums )°7_, f (xx)|Je| of f, and considering modified Riemann sums of the form 

ei f (xp)IZEI|, where each x/ lies in the left half I} of Ix, 1 < k < m. That these 
sums converge to (1/2) , J was derived experimentally in [64], and the result will 
be revisited in its general form in Examples 1, 4, 5, and 6 below. 

Our approach relies entirely on basic properties of the Riemann integral. 
The subjects covered fall into three broad categories: quadrature rules, modified 
Riemann sums, and improper integrals. The results are presented in six chapters, 
each with a short introduction and applications and examples, ranging from Fourier 
series to uniformly distributed sequences, and from calculating the volume of a lake 
to the quadrature evaluation of improper integrals. 

In Chap. 2, we introduce the IT-Riemann integral. A quantitative formulation of 
the principle that Riemann integrable functions on an interval are continuous a.e. 
with respect to the Lebesgue measure there, formulated in terms of oscillations in (6) 
below [13, 46], is an important tool in dealing with I-integrable functions. We also 
show that even though the Riemann sums of an integrable function converge to 
the integral, they may do so arbitrarily slowly. We then discuss various numerical 
methods, or quadrature rules, to evaluate a definite integral. Since most numerical 
quadrature rules make use of carefully chosen Riemann sums, the Riemann integral 
is most appropriate for this endeavour. And we observe that if the function in 
question is convex, or concave, the upper and lower sums converge to the integral 
monotonically. 

In Chap. 3, we prove a basic convergence theorem for the Riemann integral. 
Although the Riemann integral does not enjoy satisfactory properties with respect 
to pointwise limits, Theorem 13 allows for the taking of limits. In particular, it gives 
the Riemann—Lebesgue lemma of Fourier series in its various formulations. We also 
cover the Weierstrass algebraic and polynomial approximation theorems. 

In Chap.4, we introduce the modified T]-Riemann sums. Some of the 
applications discussed include y-asymptotically distributed sequences, uniformly 
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distributed sequences, and extensions of recent results on deleting items and 
disturbing mesh in the Riemann integral [61]. 

In Chap. 5, we introduce the pattern and uniform integrals. Whereas the original 
applications of the pattern integrals were limited to summability methods [45], we 
are interested in sequences more general than patterns, the modified II-Riemann 
sums being the natural setting for these results. 

In Chap. 6, we discuss the improper and dominated integrals; in particular, the 
latter addresses the question as to when a function is majorized by a positive 
steadily decreasing function with a convergent improper integral. We also explore 
the relation between uniform and improper integrals and note the simplicity of 
computation when dealing with uniform integrals; this is true in other contexts as 
well. Quadrature rules converge to the integral of the function when the function 
is Riemann integrable, but in the case of the improper Riemann integral, this 
connection is obscured by the double limiting process involved. The dominated 
integral, which is defined by a single limit, allows for this connection. 

In Chap. 7, the Coda, we discuss briefly the extension of our results to the context 
of Riemann-Stieltjes integrals [100]. Applications of these results to stochastic 
integrals, for instance, are discussed in [60], and we also touch briefly on modified 
Riemann sums, asymptotic distribution functions, and quadrature formulas. The 
extension of our results to this setting is natural. 

Finally, in Appendix I, we cover the change of variable formulas for Riemann 
and Riemann-Stieltjes integrals, closing with the caveat that not always the most 
general results are the most useful. And, in Appendix II, we come full circle and 
prove that bounded functions that are integrable a la Cauchy are Riemann integrable 
and that the integrals coincide. 

The notation is standard, or introduced as we go along. We only point out that 
for sequences a, > 0 and Ay, An = O(a) means that |Ay|/a, is bounded by a 
constant that may depend on the various quantities appearing in the expression but 
is independent of n. 


Chapter 2 ®) 
The II-Riemann Integral spooks 


In this chapter, we will introduce the II-Riemann integral and discuss its basic 
properties. In particular, we observe that even though the Riemann sums of an 
integrable function converge to the integral, they may do so arbitrarily slowly. It 
is often the case, e.g., when computing the volume of a lake, that we take the 
limit of sums closely related to the Riemann sums of /, and we are thus led to 
Bliss’ theorem. We also discuss various numerical methods, or quadrature rules, 
to evaluate definite integrals, with special emphasis on the rate of approximation. 
The methods include the right and left Riemann sums, the uneven tag sums, and 
the midpoint, trapezoid, and Simpson rules. These methods also allow for the 
computation of roots of nonlinear equations. And we observe that if the function 
in question is convex, or concave, the upper and lower sums converge to the integral 
monotonically. 

We begin by introducing the families of partitions that constitute the basis for 
our discussion. Let J = [a,b] be a bounded interval in R. A family = {P} 
of partitions of J is said to be admissible provided it satisfies the following two 
properties: 


(i) Given n > 0, there is a partition P of J in TI with mesh ||P || < 7. 
(ii) If P,P; are partitions of J in T, there is a partition P2 of J in II that is a 
common refinement of P and P). 


Instances of admissible families include the collection of all partitions of 7; Te, 
the partitions of J that result by dividing 7 into n equal length subintervals, all n; 
the partitions of J that result by dividing 7 into 2n + 1 equal length subintervals, all 
n; the (nested) dyadic partitions of J; and partitions that result by dividing J into k” 
equal length subintervals, all n, where k is an integer > 1. 

Given a real-valued function f defined on J, we introduce the I-Riemann 
integral of f as follows. Let Sq (f, P, C) denote the Riemann sum of f with respect 
to the tagged partition (P, C) of J given in (1) where F is restricted to II. We say 
that f is II-Riemann integrable on I if there is a real number R such that, for every 
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€ > 0, there exists 6 > O such that | Sn (f, P, C)—R| < e for every tagged partition 
(P, C) of JT, P € TI, with ||P|| < 6. In that case, R denotes the I1-Riemann integral 
of f on. 

Along similar lines, we introduce the [-Darboux integral of f. Given a partition 
P of 1,P={h,..., In}, let 


M,=supf, and, m,=inff, l<k<m. 
Tk Ik 


For a partition P = {1,..., Jn} of J in TI and a bounded function f on /, let 
Un(f, P) and Ly(f,) denote the upper and lower Riemann sums of f along P 
on J, 1.e., 


m m 


Un(f.P) = >> (sup f) el, and, Ln(f,P) = >> ( inf f) Til, 


k=1 Tk k=1 


respectively, and set 


Un(f) = pe Un(f.P), and, Ln(f) = sup Ln(f,P). 
Pell 


We then say that f is Il-Darboux integrable on I if Uq(f) = Ln(f), and in 
this case, the common value is the IT-Darboux integral of f on J. 

We first observe that both IT-integrals coincide. In fact, it turns out that f is 
Riemann integrable, and the common value of the [-integrals is precisely f- J: 


Theorem 1 Let I be a bounded interval of R, 1) an admissible family of partitions 
of I, and f a function defined on I. Then, f is 11-Riemann integrable on I iff f is 
11-Darboux integrable on I. Furthermore, f is Riemann integrable on I, and the 
value of both integrals coincides with - f, the Riemann integral of f on I. 


Proof Assume first that f is T1-Riemann integrable on J with integral R, and note 
that f is bounded on /. Indeed, pick the 5 > 0 corresponding to ¢ = 1 in (1), fix 
a partition P = {l1,..., Im} of J in II with mesh ||P || < 6 (which exists by (i)), 
and consider a tag set C = {c1,..., Cm} in J with cy € Ip, 1 < k < m. Keeping the 
cx in C fixed except for cz,, and letting it vary in Jx,, it follows from (1) that f is 
bounded on J;, and, hence, on all of J. 

Let now ¢ > O, pick a partition P = {h,..., Im} of 7 in TI such that 
|Sn(f,P, C) — R| < e/2 for every set of tags C = {cx € 2: 1 < k < my}, 
and pick cy, € J, such that My < f(cg) + €/2|7| for 1 < k < m. It then follows 
that Un(f, P) = >0, Mellel < doy fc kl + €/2 = Sn(f, P, C) + €/2, which, 
since Sn(f,P, C) < R+ &/2, gives 


Un(f) < UnG,P) <= Rt+e. (2) 


2 The I-Riemann Integral 7 


Moreover, since —Ly(f,?) = Un(—f,P) and the value R that corresponds 
to f is equal to the value —R corresponding to —/f, (2) applied to —f gives 
—Ly(f,P) = Un(-f,P) <= —R+ or 


R<ily(f,P)+e<Lln(f) +e. (3) 


Thus, combining (2) and (3), we have that Uq(f) —¢ < R < Ln(f) +6, for 
every € > O, and, therefore, Uq(f) < R < Ln(f). Since also Ly(f) < Un(f), 
we conclude that Ly(f) = R = Un(f), and f is M-Darboux integrable with 
integral R. 

Conversely, suppose that f is 1-Darboux integrable with integral R. We claim 
that, given ¢ > 0, there is a partition Q of J in I] such that 


Un(f, Q) — Ln(f,Q) <«. (4) 
Indeed, since 


inf Un(f,P) = sup Lo(f,P) = R, 
Pau Pet 


there are partitions P,P; of J in II such that Un(f,P) < R+e/2, and, R < 
Ly(f,P1) + €/2. Now, by (ii), there is a partition Q of J in II that is a common 
refinement of P and P;. Whence, since Ly (f,Q) => Ly(f,f1) and Un(f, Q) < 
Un(f, P), it follows that 


Un(f,Q) — Ln(f,@) = Un(f,Q) — R — (Ln(f,Q) — R) 
< Un(f,P) — R —(Ln(f,P1) — R) <e, 


and (4) holds. 

Recall that by a familiar fact in Riemann integration, provided that (4) holds, f 
is Riemann integrable on J and, in particular, (1) holds [13, 46]. When restricted to 
IT, (1) gives that f is -Riemann integrable on J and that the IT-Riemann integral 
of f on J equals /, , f- Since by the first part of the proof the II-Riemann and the 
I1-Darboux integrals of f on J coincide, the proof is finished. oO 


We will require another basic result, namely, a characterization of I-integrability 
in terms of the oscillation of a function [13, 46]. Recall that given a bounded function 
f defined on J and an interval J C J, the oscillation osc (f, J) of f on J is defined 
as osc (f, J) = sup, f — inf, f. 

We then have: 


Proposition 1 Let I be a bounded interval in R, I an admissible family of 
partitions of I, and f a Y1-Riemann integrable function defined on I. Then, there is 
a family {Py} of partitions of I in, Py = {I}, ..., Ih, }, such that 


lim (Un(f, Pn) — L(f, Pn)) = 0, (5) 
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Mn 


lim YJ ose (f. 1) Le | = 0, (6) 
k=1 
and 
lim Un(f, Pn) = lim Ln (f, Pn) = / ig (7) 
n n T 


Conversely, if (6) holds, f is 11-Riemann integrable on I. 


Proof First, since f is TI-Riemann integrable on J with integral R, given e > 0, 
there exists 6 > O such that | Sn(f, P, C)—R| < e/4 for all tagged partitions P, C) 
of J in TI with mesh ||| < 6. In particular, | Sn (Cf, P, C1) — SnCf, P, C2) | < ¢/2 
for any partition P of J in I] with mesh < 6 and tags C), C2. Pick next the tags 
C1, C2 so that Un(f,P) < Sn(f,P, C1) + €/4 and Sn(f,P, C2) < Lo(f,P) + 
€/4. Then it follows that 


Unis F) = LaF) 
= Un?) = sn 7; Ci) + snG 7, ©) — 2nGP) 
+ |Sn(f,P, C1) — Sn, P, C2)| 
<s/Ate/d4te/tae. (8) 


Fix N such that 1/N < 6, and letn > N. By (i), there is a sequence {P;,} of 
partitions of J in IT with mesh ||P, || < 1/n < 6, and by (8), it follows that 


Un(f,Pn)—Ln(f, Pn) <6, allne=N, 
and (5) holds. Moreover, since 


Un(f) — Ln(f) < Un(f, Pa) — Ln, Pa) < 1/n,  alln, 


Un(f) = Ln(f) and (7) holds. Finally, since 


Mn 


Yo ose (f, Hf) U1 = Unf, Pn) — Lf, Pn) Se, alln > N, 
k=1 


the above sum is < e for all n > N, (6) holds. The proof of the first statement is 
thus complete. 

Conversely, let ¢ > 0 be given. Then from (6) and the relation above, it follows 
that for sufficiently large n there is a partition P,, of J in IT such that Uq(f, Pn) — 
Ln(f, Pn) < &, and, consequently, (4) holds, and by Theorem 1, f is Riemann 
integrable on /. Oo 
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Condition (6) is a quantitative formulation of the fact that Riemann integrable 
functions on an interval are continuous a.e.with respect to the Lebesgue measure 
there. In his dissertation, Riemann also introduced the following integrability 
criterion in terms of oscillations. Given a bounded function f on an interval J, a 
fixed n > 0, and a partition P = {Jj,..., Jm} of J, let A,(P) = {kK: 1 <k < 
m, and osc (f, Jz) => n}. Then, with 


sP)= D> lel, 
keA,(P) 


f is integrable on J iff for each fixed n > 0, s,(P) — O as ||P|| — 0. That is, 
for every fixed n > 0, given ¢ > O, there is 6 > O such that s,(P) < ¢ whenever 
Pll < 6. 

Based on this criterion, Riemann concluded that the function f given by the 
convergent series 


(x) | @x) (nx) 
f@M=aate a aie 


where (x) denotes the (positive or negative) distance to the nearest integer function, 
is integrable. Now, f is discontinuous on the dense set of points x = m/2n, where 
m,n are relatively prime. At these points, the left- and right-hand side limiting 
values of f are 


2 


(CB. =1() + za(1+ ? oh 2 ees) =f(5)+ ee 


and 


2 
(5) ) = 1G) - sat et at) 1G) - ae 


respectively, and so the number of discontinuities in any given interval is infinite, 
but the number of discontinuities, which in any given interval exceed a given 7 > 0, 
is always finite. 

Riemann discussed the notion of integral in less than six pages of his dissertation 
and restricted the analysis to its characterization. Riemann’s thesis, a handwritten 
manuscript preserved at the Gottingen University Library Archives, was first 
published posthumously in 1868 due to the efforts of R. Dedekind, who arranged for 
it to appear in the Abhandlungen der Koniglichen Gesellschaft der Wissenschaften 
zu Gottingen (Treatises of the Gottingen Royal Society of Sciences); it is likely that 
until then only a handful of mathematicians had access to its content or perhaps had 
heard about it. H. Hankel showed in 1870 that Riemann integrable functions are 
necessarily continuous on a dense set of points in their domain of integration [44]. 
And in 1875, H. J. S. Smith pointed out that further discussion of Riemann’s results 
would seem to be desirable partly because some demonstrations were wanting in 
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formal accuracy and partly because the theorems themselves appeared to have been 
misunderstood and to have been made the basis of erroneous inferences. It was 
precisely to clarify some of Hankel’s results that Smith introduced a kind of sets 
that allow for a function to be discontinuous, yet integrable; these sets essentially 
include the Cantor sets, both of measure zero and of positive measure. In Smith’s 
definition, the “last segment” of an interval is removed, while in the Cantor sets, the 
“middle” third segment is removed [92]. 

We will first consider Hankel’s result. Given a bounded function f defined on a 
closed bounded interval J and an interior point x of I, by the oscillation osc (f, x) 
of f at x, we mean 


osc (f,x) = lim osc (f,[x —,x +7]), 
n—>0+ 


with the usual adjustment when x is an endpoint of J. 

It is then readily verified that for interior points x of 7, f is continuous at x iff 
osc (f, x) = 0. Indeed, suppose first that f is continuous at x and let e > 0. Then 
there exists 6 > O such that if y € (x —6,x+) C J, then | f(x) — fO)| < ¢/2, 
and, consequently, | f(y) — f(z)| < ¢ whenever y, z € (x — 6, x + 4). Therefore, 
osc (f, [x — 6,x + 6]) < e, and since eé is arbitrary, osc (f, x) = 0. 

Conversely, suppose that osc (f, x) = 0, and let ¢ > 0. Then there exists 6 = 
5(€) > O such that if 0 < h < 6, then (x —h,x +h) C I, and 


sup{l f(y) — fil: y,2€ @-A,xt+h)} <e. 


Thus, if |x — y| < dandx, y € J, then| f(x) — f()| < ¢, and f is continuous at x. 
The proof of Hankel’s result presented here rests on Cantor’s nested interval 

theorem that asserts that the intersection of a nested sequence of nonempty closed 

subintervals of a closed bounded interval J is nonempty. We then have: 


Proposition 2. Let f be Darboux integrable on a bounded interval I. Then, C ¢ = 
{x € I: f is continuous at x} is dense in I. 


Proof We will prove that if O is an open interval such that OO ¢ @, thenONC ys # 
%. So, given one such open interval O, let J be a nonempty closed interval such that 
J c ONT; then f is Darboux integrable on J. Let now {e,} be a decreasing 
sequence that tends to 0. On account of (6), there is a partition P; = {J }l<k< 
n1, of J such that 


ny 
U(f,Pi) — Lf Pi) = > ose (f, HE) lel S [J er. 
k=1 


We claim that the oscillation of f on one of the intervals of P; is < ¢;. Indeed, 
were this not the case we would have osc (f, ay > ¢€, for all the intervals of P1, 
and so, summing it would follow that paar osc (f, i) eal > |J| 1, which is not 
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the case. We separate an interval where the oscillation does not exceed €;, rename 
it Jj, and note that J > Jj, and osc (f, Jj) < &1. 

So, having chosen a nested collection of nonempty closed subintervals J) > 

. D Jn of J, with osc (f, Jk) < ee, 1 < k <n, repeating the above argument 
with J, in place of J and &,+4 in place of ¢), we find a nonempty closed interval 
Jn+1 © Jn such that osc (f, Jn+1) < &n41, and so on. By Cantor’s nested theorem, 
there is x € (aren Jn © J C INO; we claim that f is continuous at x. Indeed, 
since osc (f, x) < osc (f, Je) < &¢ > Oask > ow, it follows that osc (f, x) = 0, 
f is continuous at x, andON Cy £9. 

Moreover, since dense sets are infinite, C is an infinite set and f is continuous 
at infinitely many points of J. Oo 


As for the Cantor set, or Cantor discontinuum, it is defined as follows. From 
Co = I = [0, 1], we remove the open middle third interval and are left with C; = 
[0, 1/3] U[2/3, 1], and upon removing the open middle third of each of the intervals 
in Cy, we are left with Cz = [0, 1/9] U [2/9, 1/3] U [2/3, 7/9] U [8/9, 1], and so 
on. Thus, in general, C,, is the union of 2” closed intervals each of length 1/3”, and 
we let C = (ese C,,. Then C is closed and uncountable [99]. 

We claim that f = xc is Riemann integrable. To see this, let f, = xc, and 
observe that f(x) < f,(x) throughout J and that f,, is Riemann integrable on J 
with i Jn = (2/3)”. Now, given ¢ > 0, pick n so that (2/3)” < ¢/2, and choose a 
partition P of J such that 0 < U(fn, P) — fe fn < €/2. In particular, U(fn,P) < 
e/2+f, Jn < €, and since f(x) < f,(x) throughout J, also U(f, P) < U( fn, P) < 
é. Finally, since L(f, P) = 0, it follows that U(f, P)-—L(f, P) < e and, by (4), f is 
Riemann integrable. Moreover, since ¢ > 0 is arbitrary and U(f,P) < «, f- Jf =0. 


2.1 The Volume of a Lake 


It is often the case that setting up and interpreting a problem require the taking of 
limits of sums closely related to the Riemann sums of a function f/f. Duhamel dealt 
with this situation by means of an interplay of infinitesimals; the background and 
applications of his approach are discussed by Osgood [74] and Ettlinger [32]. Bliss 
cast Duhamel’s manipulations in mathematical terms and made use of the uniform 
continuity of continuous functions on a closed bounded interval to address it [9]. In 
our setting, we have: 


Bliss’ Theorem Let f1, /2,..., fy be a finite collection of Riemann integrable 
functions defined on a closed bounded interval I = [a, b]. Then 1A ele fj is Riemann 
integrable on I, and for any sequence Pm = {J,"}, 1 < k < my, m > 1, 
of partitions of I such that limy, ||Pm||_ = 0, and collections {cz ; of tags with 


1<j<Nand\1<k<m), such that cy ; € J", we have 


Mn 


N 
tim Y > fuleR AUC) Five wise = fT] fi 
k=1 i=l 
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Proof The proof is by induction on the number of functions V. The case N = 1 
is obvious. Now, clearly for N > 1, the product of the N functions is Riemann 
integrable. So suppose the statement is valid for N — | functions, and note that for 
m and the corresponding 1 < k < mn, we have 


N N-1 
[fet = Act T] fet) feet) 
i=l i=2 
N-1 
= (T] fice) Ace) fee) 
i=2 
N-1 
+ (T] ft) Ace d( ti fy) — fu eet)): (9) 
i=2 


Since all functions are Riemann integrable and hence bounded, and since 
chic € Jy’, with M the maximum among the products of the bounds for any 
N — | functions, the second summand in (9) does not exceed M osc (fy, Jj”), and, 
consequently, 


Mp N-1 


tim sup | Y°([] fief) feet) (tv (eet) — fv R1)) Laer 
ue k=1 i=2 


My 
<M lim sup } > osc (fu. Jp’) | Jz" | = 0. 
m k=1 


Hence, by the inductive assumption from (9), it readily follows that 


m, N Mp 


N=1 
tim YT] ie) ae" = im (Ti) AD fr et) ye 
k=1 i=2 


k=1i=1 


and the proof is finished. oO 


Bliss’ theorem applies to the evaluation of volume integrals, like the ones used 
in hydrocarbon reservoirs [66], earthwork computations [26], and the computation 
of the volume of a lake [35]. In such cases, structures are often irregular, and the 
volumes cannot be found by elementary integration techniques. Hence, the use 
of approximate integration, including a mechanical integrator, or planimeter, and 
approximation formulas when necessary. 
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One such formula is the prismoidal formula, [11, 70], which allows for the 
calculation of the volume of solids such as prismoids and prismatoids. Recall that 
a prismatoid is a polyhedron (a solid bounded by planes) with vertices that all lie 
in one or the other of two parallel planes. The two faces of the prismatoid lying in 
these planes are its bases; they do not necessarily have the same number of sides. A 
prismoid is a prismatoid with both bases having the same number of sides, and the 
lateral faces are quadrilaterals (either trapeziums or parallelograms). Special cases 
of a prismoid are a prism, with identical bases, and the frustum of a pyramid, i.e., a 
portion of a right regular pyramid included between the base and a section parallel 
to the base. 

Now, the volume of a regular frustum of height h is given by the expression 


1 
V= (Ai +424 VAiA2)h, 


3 


where A, denotes the area of the lower base and A2 that of the upper base. This 
is a particular instance of the prismoidal formula, deduced by Isaac Newton among 
others (his proof is given in [26]), which applies to any prismatoid solid, and is given 
by 


V= FA +4Ag + As) hk, 
where Aj, A3 are the areas of the bases at a distance apart of h, and A? is the area 
of the cross-section parallel and halfway between the end planes. This formula does 
in fact give the exact volume of a prismatoid, prismoid, prism, pyramid, frustum 
of a pyramid, wedge, cylinder, cone, frustum of a cone, sphere, ellipsoid, spherical 
segment, and, in general, any solid bounded by a quadric surface and two parallel 
planes. 

These formulas have an interesting history. One of the oldest mathematical 
documents in existence, dating to around 1890 BC, is the Moscow Papyrus, an 
Egyptian papyrus roll approximately 5.44 m in length and 8 cm in height, consisting 
of one big piece with thirty-eight columns of text, and nine little fragments. The 
Moscow papyrus contains twenty-five problems with solutions, the first three being 
badly damaged, and the fourteenth posing the most intriguing problem of the 
calculation of the volume of the frustum of a truncated pyramid. The text, which 
extends over three columns (XX VII-XXIX) of the papyrus, begins by stating the 
problem, and the truncated pyramid is denoted by a drawing within the text. This is 
followed by the numerical data, the lengths of the lower side (4), upper side (2), and 
height (6). The procedure follows, one instruction is given, its result announced, and 
the next instruction follows until the final result (56) is arrived at [47]. 

The method of finding the volume as given in the papyrus can be expressed by 
the formula 


h 
V= 3a + ab4-b’), 
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with a,b, and h denoting the measure of the sidelengths of the upper side, lower 
side, and height, respectively. The formula can be rewritten as 


y= He na(gt) +) 


which corresponds to the prismoidal formula. This brings to mind the familiar 
expression 


fr 


ooo) (Fa +47(22") +f), (10) 


[a,b] 


which holds with an equality sign for polynomials f of degree less than or equal 
to three, and which expresses the approximation by means of the (simple) Simpson 
formula, which we will discuss below. 

Various explanations have been advanced as to how the formula to calculate the 
volume of a truncated pyramid could have been discovered by the ancient Egyptians. 
Some use the knowledge of the calculation of volumes of other bodies, such as 
cylinders and cubes, and others a clever manipulation of algebraic formulas [40]. 
The level of sophistication required in arriving at the formula is higher than that 
for the rest of the problems posed in the papyrus, or that is otherwise used in the 
Egyptian mathematics of the time, leading some mathematicians to venture that the 
ancient Egyptians just stumbled into this particular formula, or perhaps it was part 
of a more advanced body of knowledge not reflected in the papyrus. 

According to tradition, the god Thoth, originally associated with time and the 
Moon, gave the calendar, astronomy, and mathematics to the Egyptians. Thoth was 
later identified with the Greek god Hermes, who became Hermes Trismegistus 
(Thrice Great One), the presumed author of the Corpus Hermeticum, a set of 
writings alleged to have been transmitted from ancient times, where the secrets and 
techniques of influencing the stars and forces of nature were revealed. 

Many of the seventeenth century scientists looked to magic and its allied arts, 
such as astrology, in celebrating the ideas and practical aspect of the Hermetic 
writings. Newton placed great faith in the idea of a “pure tradition”, an unadulterated 
ancient doctrine that he studied earnestly, attempting to aid in his understanding 
of the physical world. Newton’s manuscripts—most still unpublished—detail his 
thorough study of the Corpus Hermeticum. Newton was a devotee of hermetic 
studies, and it seems that he believed that his own discoveries, such as calculus, 
universal gravitation, and others, had been in the body of secret knowledge handed 
down from Thoth. 

As for the three instances mentioned above, they all make use of the prismoidal 
formula. In the reservoir volume calculation, the trap anticline is approximated by 
frustum right circular cones, and the error is decreased by lowering the equidistance 
between integrated areas [66]. In the earthwork volume computations, as required 
for road construction, railroad embankments, and cuttings, dam construction, among 
others, the design is set out in the field, cross-section information obtained at regular 
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intervals perpendicular to a centre line, and volumes computed from the cross- 
section areas and the interval distances [26]. 

And, to calculate the volume of a lake, limnologists—that is, scientists who study 
lakes—make use of a numerical integration method based on the volume of a cone 
frustum. A detailed map of the lake showing depth contours, i.e., the depth of the 
lake is the same at two points on a given contour, is drawn, and the function A(x) 
that denotes the area contained in the contour at depth x is computed by means of 
a planimeter. A is defined on the interval [0, d], where d is the maximum depth 
of the lake, and is strictly decreasing, and the volume V of the lake is given by 
V= tro. aA: 

Now, A is not known exactly, and the integral must be approximated numerically. 
Since the slice of a lake between nearby horizontal planes is like a cone frustum, 
limnologists make use of the prismoidal approximation, 


n 
Ag—1 + Ag + /Ax—1 Ak 
vey k-1 + Ak + EEE na 
3 
k=1 

where Ay = A(xx) fork = 0,1,...,”, are the areas of equally spaced depth 
contours and An = d/n is the depth difference between consecutive contours. 

More generally, given a continuous, nonnegative function f on an interval [a, b], 
and a positive integer n, we define the cone sum C,(f) of f as 


C,(f) = (b - a) . F Ont) Fan FY FOR) FR) 
k=1 


where x, = a + (b—a)k/n fork = 0O,...,n. If g is continuous, ,/g is also 
continuous, and hence Riemann integrable on [a, b]. Then, by Bliss’ theorem, the 
sum involving the third summand above converges to ( , J)/3, and so, by Bliss’ 
theorem again, lim, Cn(f) = , J. We may also reach this conclusion by observing 
that C,,(f) lies between the lower and upper Riemann sums of f for appropriate 
partitions of 7. 

It is a practical concern to investigate the degree, or rate of the approximation of 
the cone sums C,,(/) to the integral of f as n — oo. We are thus interested in the 
behaviour of 


E,(f) =f POG, asi So. 
[a,b] 


We then have: 


Proposition 3 Let f be a nonnegative twice differentiable function defined on a 
closed bounded interval I = [a, b]. Then, with Mo and Mz the bounds for fir and 


16 2 The II-Riemann Integral 


i i 2” respectively, we have 


1 (b — a)? 
[EAs % oM2— a: n= 1,2,54. 


Proof We will first consider the case n = 1. Since f > 0, we let f = g” and put 


2 2 
Ex(g.x) = [ f-G@—a)® (x)+8 OF ao) nee 
[a,x] 


A straightforward computation then gives 


E\(g,x) = = (2¢(x) + g(a))(g(x) — g(@) -— @—a)g’(x)), a<x<b. 
3 


Now, if a function g is twice differentiable on [a, b], by a simple application of 
the mean value theorem for derivatives, it follows that for a < x < b, we have 


1 
g(x) = g(a) + — a)g'(a) + 5 — a)’8"(0), 
where c is a point between a and x, and interchanging a and x, that 
= ! i 2 ft eat 
8(a) = gx) + @—x)ee) + 5@—x) 8), (1) 


where c’ is a point between a and x. Substituting (11) into the expression for 
E\(g, x), we get 


1 1 
E\(g, x) = —3(28(@) + g(a) 5% — a)" 8"), 
and so with Mg a bound for g on J and M2 a bound for g” on I, we have 
/ 1 2 
|E\(g,x)| < 3 Mo M2 (x—a)*, xel. 
Whenrce, since E\(g, a) = 0, integrating the above inequality on J yields 
1 3 
|E1(g, x)| < ¢ Mo Ma (& — a) , @5x<b. (12) 


To improve the approximation by the cone sums, we consider the family IT, 
of partitions of J consisting of n equal length subintervals of J and apply the 
estimate (12) on each subinterval. Let then P,, = {J;’} be a partition of J = [a, b] 
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in I, Whees Te = [xg_,, xg], and xf = a + (b—a)k/n, fork = 1,...,n. Then 
(x7 _ Xp p= “b —a)/n, and from (12), it follows that 


ee ee (ap) + 87 Ore 1) + BOB OR ») 
n 3 


and, since the absolute value of the sum is bounded by the sum of the absolute 
values, summing over k, the n above inequalities yields 


b— 3 
[fe — Cn(g”)| < ie a 
n2 


as we Set out to prove. 
Note that when f(x) = (mx + b)*, with m, b > 0, M2 = 0, and so the error is 
0. Oo 


The cone expression C,,(g”) is a familiar one because, except for a factor of 
zr, it corresponds to the calculation of the volume of a solid of revolution by the 
frustum method [52]. In this case, the disk method and the frustum method yield 
the same result. However, this is not the case when computing surface areas. The 
approximating expression by the frustum method is given by 


An(f) = A ay sn (f (xr-1) + f (xx)) V 1+ fy. 
k=1 


where cx € (xx—1, Xx), and by Bliss’ theorem, 


lim A, (f) = 2 / fyl+f", 
n [a,b] 


which is the correct result. The failure of the disk method in this context is discussed 
in [52]. 


2.2 Rate of Approximation 


We will examine next the rate of the approximation to /, , / when the Riemann 
sums of f consist of the averages of the values of f evaluated at n equally spaced 
points through /, under various conditions of the function integrated. We will begin 
by restricting ourselves to J = [0, 1] and consider the admissible family IT, of 
partitions of 7. These sums include the one endpoint averages, such as the left and 
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right Riemann sums of f. Specifically, let C7 = {0, 1/n,...,(n—1)/n} and CR = 
{1/n,2/n,..., 1} denote the tags corresponding to the left endpoints and the right 
endpoints of the intervals in the partitions P;, of J in Te, respectively. For simplicity, 
we will denote the left Riemann sum by S;,(f, Pn), 


n—-1 


Sif. Pn) = Sn, Cf. P cry = +7 Foen) 
L ’ ny} — TI. ’ ns L? — n 3 n), 
and the right Riemann sum by Sr(f, Pn), 
n 1 “ 
Sef Pn) = Sti. Pas Ce) = — >) £k/n). 
k=1 


Note that if f is increasing, Sz(f,Pn) = Ln.(f,Pn) and Sr(f,Pn) = 
Un, (f, Pn), and vice versa for decreasing f. 
We are then interested in the quantities 


Aan(f)= | f-Se(fPa) din(f) = f f- Sif Pa) es ee 


The sequences {Ar n(f)}, {Ax.n(f)} are called the Riemann coefficients of f, 
and their behaviour resembles that of the Fourier coefficients of f, [19]. Just as the 
Fourier coefficients of f, the Riemann coefficients of f tend to 0 as n — oo, and for 
arbitrary Riemann integrable functions, the convergence is arbitrarily slow. Indeed, 
we have: 


Proposition 4 Let {¢,} be a positive sequence that decreases monotonically to 0. 
Then there is a Riemann integrable function f on I = (0, 1] such that |Arn(f)| = 
En, for all n. 


Proof Let 


0, x =O, or x irrational in (0, 1), 
fx) = 


€q, X = p/g rational in (0, 1], p,q relatively prime . 


First observe that f is continuous at each irrational x in J. Indeed, given e > 0, 
let q be large enough so that eg < ¢, letn = min { |x -—h/m|:1<h<m,1< 
m< q} /2, and pick 6 > 0 so that (x —6,x +6) C @—7n,x +n) (0, 1). Let 
then y € (x —6,x + 4). If y is irrational, we have | f(x) — f(y)| = 0 < e, and for 
rational y = p’/q’, since q < q', we have | f(x) — f(y)| = &q’ < &q < &, and the 
continuity obtains. 

To verify that f is Riemann integrable on J, we will invoke (4) above. Since 
the irrationals are dense in J, L(f,#) = 0 for all partitions P of J, so, given 
€ > O, it suffices to produce a partition P of J such that U(f,P) < e. Pick g 
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large enough so that ¢, < €/2, and observe that there are a finite number N of 
distinct rational numbers p’/q' in J with q’ < q, a rough estimate being N < q?. 
Because the number of points is finite, we are able to pick pairwise disjoint intervals 
Ik = [te1,Xk.r], 1 < k < MN each containing a different rational point and 
[In| < €/2N. Let { J,} be the collection of subintervals of J defined as Jo = [0, x1,/], 
J, = (x1, X20],.--, Jn-1 = [ew-1,r, Xn], In = [en,r, 1]; Jo or Jy may be 
empty. Then P = {Jk} U {Jn} is a partition of J, and with M,; = sup, f and 


M,, = sup,, f, we will calculate 


N N 
UCP) = Y> Mk lel + 2 My, \Jnl = A+B, (13) 
k=1 h=0 


say. 
Note that since f(x) < 1 throughout 7, M;, < 1 for all k, and 


Also, since each Jj, contains only rationals p’/g' with q’ > q, Mj, < &q < &/2 
for all h, and since the Jj, are pairwise disjoint, 


N 

E & co 
B<-— Jy| < =U) = =. 
3D NMal S 3M 5 


Thus putting these estimates in (13), it follows that U(f,P) < ¢/2+ e/2 =e, 
and f is Riemann integrable by (4). Moreover, since L(f) = 0, f- ,f =09. 

Finally, if k/n = pxon/dkn With Pkn, dk,n telatively prime, then qx,, <n and 
En XS Eq,, foreachk = 1,...,n,andn = 1,2... Whence 


= Sr(f, Pn) 


an fl=| ff Sef Pe) 


1 n 1 n 
— DF K/n) = — Yea 2 Ens 
k=1 k=1 


as we Set out to prove. | 


The function f in Proposition 4 is a variant of the Thomae’s function (introduced 
in 1875), which assumes the value 0 if x is an irrational in (0, 1) and 1/q ifx = p/q 
where p, q are relatively prime. A caveat: a 21 year old Vito Volterra showed that 
there is no function defined on / that is continuous at the rationals and discontinuous 
at the irrationals of J, [104]. On the other hand, as we have seen, the characteristic 
function xc of the Cantor set, which has uncountably many discontinuities, is 
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Riemann integrable. And the Dirichlet function, which assumes the value 0 if x 
is rational and | if x is irrational in [0, 1], satisfies 0 = L(f,P) < U(f,P) = 1 for 
all partitions P of J and fails to be integrable on [0, 1]. 

It is not apparent that Proposition 4 can be improved to obtain a simultaneous 
rate of convergence for all continuous functions. In fact, things get barely better for 
continuous functions. We will consider functions represented by a Fourier cosine 
series and will make use of the familiar Lagrange trigonometric identity, 


N ‘ 
-cos(2kx) = SEO TDD. seid 2), (14) 
ar sin(x) 


and = N otherwise. 
For these functions, Ar ,(f) can be computed exactly. Indeed, we have: 


Proposition 5 Let f be the continuous function represented in the interval I = 
[0,1] by the absolutely convergent series f(x) = amr ayn cos(27nx), where 
Yon |an| < 00. Then, 


Ar.(f) =—(an +a2n +a3nt+-:-), N=1,2,... 


Proof First note that 1 f = 0. Now, by the uniform convergence of the sum 
defining f, it readily follows that 


N oo N 
>, f(k/N) = So an Y= cos(2ank/N). 
k=1 


k=1 n=1 


We will apply (14) with x = 2n/N. Since sin(x) = 0 for the multiples n = kN 
of N, the sum is equal to N at those values. And, since for the other values of n, 
sin(N(arn)/N) = sin(n) = 0, and sin(x) ¥ 0, also by (14) the sum is 0, and, 
consequently, 


oe) N 
ym Y * cos(2xnk/N) = N(ay + arn +.43y +--+), 
k=1 


n=1 


and the conclusion follows. oO 


We will now define a continuous function whose Riemann sums converge 
arbitrarily slowly to its integral. 


Proposition 6 Let {&,} be a positive sequence that decreases to 0. Then there is a 
continuous, periodic function f of period | defined on I such that 


ij lArn(S)| 
im sup ————— = co 


n En 


(5) 
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Proof Let p; be a prime number such that ep, < 1/2, and having picked prime 
numbers py < p2 < --- < px-_1, let px be a prime number > px_, such that 
Ep, < 1/k2*. Let 


=o i 
f(x) = > 5 008 (27 px). 
k=1 


Then, by Proposition 5, |Ar,p,(f)| = Pron all k. Hence, 


A», 1 
An WPI =e kh? =k, allk, 
Ep, 2 
and, consequently, (15) holds. oO 


We will discuss next some results for specific classes of functions. Recall that the 
modulus of continuity w ¢(5) of f on I is defined as 


wf (8) = ,|f@)- fQ)|, x yel. 
x—-yI< 


Thus, | f(x) — f()| < @w¢(6) whenever x,y € J are such that |x — y| < 6. 
Recall that uniformly continuous functions on J are characterized by the property 
that lims_,9+ w 7 (5) = 0. 

We claim that for continuous functions f, 


|Arn(f)| < of (1/n). 


The verification is immediate. Since 


1 n n 
Arn(f) = / f-- di fkin =) / f@= f(k/n)) dx, (16) 
k=1 k=1° *k 


and since | f(x) — f(k/n)| < wy(1/n) throughout J/, each of the integrals on the 
right-hand side of (16) is bounded by 


[fe - Feeim|dx < opm, Lk sn, 
k 


and the conclusion follows by adding the n inequalities above. 

A similar estimate holds for bounded monotone functions f defined on J = 
[0, 1], which may be discontinuous at an infinite number of points. For instance, the 
increasing function f defined by f(x) = 1—1/nif1—1/n <x < 1—1/(™+1), for 
n=1,2,..., and f(1) = 1, is discontinuous at every x = 1 — 1/n. Suppose then 
that f is monotone increasing in J; if f is decreasing, we argue with f replaced 
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by —f. Let Pn = {I’} be a partition of J in M, consisting of n intervals of equal 
length, all n. Since f is increasing, my = infyn f = f((k — 1)/n), and M; = 
sup jr ft = f(k/n). Hence, 


Un. Cf, Pr) = Ln, (f, Pn) 


= Y> (f(k/n) — fk = 2/0) = ~(F) — f(0)), 
k=1 


“71 
which tends to 0 as n — on, and by (4), f is Riemann integrable on J. Moreover, 


since 


n 


1 
i | f@) — f (k/n)| dx < -(fk/n) — f(kK-D/n)), l<k<n, 
i 
summing the above n inequalities, it follows that 


1 
0<Arnalf) Ss (fA) — f(0)). 


We note that the O(1/n) estimate extends to the important class of functions 
of bounded variation, or BV functions, which can be expressed as a difference of 
monotone functions [46]. 

Then there are continuous functions that exhibit smoothness, namely, those that 
are Lipschitz on J. Recall that a function f defined on J is said to be Lipschitz of 
order a there, 0 < a < 1, provided that for some constant L, which depends on f/f, 


|f(~) — fO)| <Llx—yl*, allx,y eT. 
For these functions, since 
1 
lf@-fO)|<L—, allx,ye ff, (17) 
n 


from (16) and (17), it follows that the Riemann coefficients of f satisfy 
ft ey 1 
[Arn Al <b> Bl=L 
k=1 


which is then the rate of approximation, and which, as we shall see below, is also 
the rate of decay of the Fourier coefficients of functions in the class Lipschitz a. 

Finally, an observation of general nature that we will use freely in what follows: 
if f is Riemann integrable on J, then so are f* = max (f,0), f~ = max (— f, 0), 
and | f| = f* + f~. Indeed, f*, f~ = 0, and 


ose (f", 17), ose (f , IP) < ose (f, 77), all k,n. 
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Thus, 
n n n 
Yiose (F7, EI, Do ose (F7, BURL < do ose (fF, EI, 
k=1 k=1 k=1 


and by (6), f*, f~ are Riemann integrable. Then, so is | f| = f* + f-. 


2.3 Quadrature Rules 


When a definite integral cannot be evaluated exactly, we appeal to approximation 
methods that, as we have seen in the case of the cone sums, can be complicated. 
Any method used to approximate a definite integral is called a quadrature rule. 
Historically, a quadrature is any process used to construct a square equal in area 
to that of some given figure. The basic idea of a quadrature rule is to replace the 
integral by a Riemann sum of the integrand evaluated at carefully selected tags, 
called quadrature points or nodes, multiplied by a number, known as the quadrature 
weights. We denote this by 


f® >) wef x) 
k=1 


[a,b] 


and call the above sum a quadrature formula. Informally, we approximate the 
integral of f by a weighted sum of function values and speak then of numerical 
integration or numerical quadrature. We always assume that the sum for f = x; is 
exact; in other words, as we = (b—-a). 

Note that a quadrature rule may be transferred between intervals. Suppose, e.g., 
that the rule is written for J = [0,1], and soO < x1 < x2 <... < Xm < 1. To 
transfer the rule to the interval [a, b], consider the transformation y = a+ (b—a)x, 
which maps J onto [a, b]. The nodes x, then become a + (b — a)x,, the weights wx 
become (b — a)w x, | < k < m, and the rule becomes 


f © (b—a) ) we fat (b—a)xx). 


[4,5] k=l 


Cruz Uribe and Neugebauer note that typically estimates for the quadrature 
rules are derived using polynomial interpolation, which leads to higher order 
derivatives of the function involved on the right-hand side of the estimate. However, 
the assumption that f has continuous higher order derivatives precludes us from 
estimating the error when approximating the integral of well-behaved functions such 
as f(x) = ./x on [0, 1], see [22, 23, 34]. 
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Now, one way to approximate the value of a definite integral is by the use of 
the endpoint quadrature rules. There are open type rules, which do not use the 
left endpoint, the right endpoint, or both endpoints, and closed type rules that 
incorporate the endpoints. 

We will begin by estimating the rate of approximation of Ar »(f) and Ay n(f) 
and the right endpoint and the left endpoint rule, respectively. Since for these rules 
the error is 0 when f is constant, we might expect the error term to involve the 
first derivative f’ of f. So, fix an interval J = [a, b], and consider the simple right 
Riemann sum 


: f © (b—a) f), 
[a,b] 


and the associated error expression 
E(f, x) =) f-@-a)f), asx<b. 
[a,x] 


The following argument to estimate E'(f, b) is found all too often in the literature. 
By the mean value theorem, f(x) = f(b) + (x —b) f'(c) for some c € (x, b), and, 
consequently, E(f, b) is equal to 


/ fo O70) -|/ (f(x) — fb) dx -|/ (bf Odx 
[a,b] [a,b] [a,b] 


(ba), 
=e] (xb) dx=-L 5 pro, 
[a,b] 


Although the conclusion may be correct, the argument is flawed as it fails to take 
into account that c = c(x) depends on x. Also to the point, it is not apparent that 
f'(c(x)) is Riemann integrable on J. Indeed, if g and w are Riemann integrable, 
then g o yw is Riemann integrable provided ¢ is continuous, but not necessarily if 
gy is merely integrable. To see this when ¢ is merely integrable, let p(x) = 1 if 
x 4 0, and g(x) = Oif x = 0. Then with w = f as in Proposition 4, go yw = 
XQ: the characteristic function of the rationals in 7, which, since 0 = L(x¥g) # 
U(x@Q) = 1, is not integrable. A more involved argument shows that there are 
continuous functions w so that the composition is not integrable [65]. 

Returning to E(f, x), since E’(f, x) = —(x — a) f'(x), with M, a bound for f’ 
on J, it follows that |E’(f, x)| < Mj|x — al, and since E(f, a) = 0, we have 


IEF.) < / It —al|f’@|dt <Mix—a)?/2, a<x<b. 
[a,x] 


This gives a bound for E(f, x) for the simple right Riemann sums. And we can 
also compute the error exactly. Indeed, by the mean value theorem, it readily follows 
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that for some a < c < x, with c depending on x, 


E(f,x)=(« —a)E'(f, c)=—-(x —a)(c —a)f'(c), a<x<b. 


As with the cone sums, to improve the computation and estimation of the error 
term, we consider the compound, or composite, right Riemann sum of f, which 
arises when the interval of integration is subdivided into a number of subintervals 
and the right Riemann sum, or in general a fixed rule of integration, is applied to 
each of the subintervals. 

Note that for Riemann integrable functions f, the composite quadrature formulas 
converge to iF Ff, [25]. To see this, let J = [a, b], and withO < t) <...<t <1, 
let 


i fx (b-a) ug flat+-ay), You. 
[a,b] k=l k=l 


Let P, = 7} be a partition of J in Te, Zp = [xn-1, Xn], 1 < h <n. Then, for 
each Jj, by the transfer rule, 


f © (Xh — Xn-1) ~ wef (xn—1 + (Xn — Xn—1)tk), 


In k=l 


— a)/n)tk), 


k=1 
and, therefore, summing, 
ay wef (xn—1 + ((b — a)/n)tK) 


ae k=! 
2. 


[a,b] 


— a)/N)tk). 


h=1 


Now, for each k, Ck = {xp-1 + ((b—a)/n) t : 1 <h < n}isaset of tags for the 
partition P;,, = {J;'} of J, and consequently, the innermost sum above is a Riemann 
sum for f with limit {, f asn — oo. Whence, since )°7, wx = 1, the limit as 
n — oo of the expression is rtf 

Back to the computations, we will make use of the intermediate value property 
for a positive linear combination of derivatives [93]. More precisely: 


General Darboux Property Let f be a function defined on I = [a, b] that is 
differentiable on (a,b). Let A, be positive real numbers and czy € (a,b), for 
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1 <k <n. Then there is c € (a, b) such that 
n n 
Vide (ck) = Fo ak. 
k=1 k=1 


Proof Suppose first that )°7_, Ax = 1. If all the f’(cg) are equal, the assertion is 
trivial. So, let cy, cy be such that ming f’(cx) = f'(cm) < f’ (cm) = max, f’ (cx), 
and observe that 


fm) < Yo def’ (ce) < f"(cm). 


k=] 


Now, by Darboux’s theorem for derivatives, there exists c € (Cm, Cy) such that 
f'(c) = Vp Ax f’ (cx), and the conclusion holds in this case. In the general case, 
let Un = An/ Dp) Ak, 1 < h <1, and observe that 


n n n 
Sal Ge) = eae 
k=1 k=1 h=1 
which since )~)_, 4n = | by the first part of the proof implies that 


Def (ce) = £10) Do ane 
k=1 k=1 


as we Set out to prove. | 


We will now consider the composite right Riemann sums of f. We divide J inton 
equal length subintervals, apply the error identity, and estimate on each subinterval 
of 7. We will carry out the argument for the exact expression of the error, the other 
being similar. So, let P, = {1/7} be a partition of J = [a, b] in Ile, where J? = 
[xp _,,%¢], and xf = a + (b — a)k/n, fork = 1,...,n. Then (xf — x7_,) = 
(b — a)/n, and from the above identity, it follows that on each [ he 


(b—a) 


n 


(l-xs_p)iitcp, 1<k<n, 


/ Paes POE== 
I 


and, consequently, summing the above n identities, it follows that 


b = n 
Aan =—2—? Yet af vse. 


k=1 


2.3. Quadrature Rules 27 


Therefore, by the general Darboux property, an exact expression for the error is 


Aan(f=-2— (Se - 2D) FO, 


k=1 


where cy € Ij! and c € (a, b). 
A careful argument also gives the asymptotic behaviour of nAr ,(f) asin — oo. 
Indeed, we have: 


Theorem 2 Let f be a differentiable function defined on I = [a, b] such that its 


derivative f’ is Riemann integrable on I. Then, 


(b— a) 
2 


(b— a) 
2 


limnARrn(f) = (F)-S@),limnArnf) = (f()-f(a)). 


Proof Assume first that J = [0, 1]. Referring to (16), let Py = {J;’} be a partition 
of J in T,. Then, for 1 < k <n, by the mean value theorem, for x € I ie there exists 
cy € Z? that depends on x, k, and n, such that 


f(x) — fk/n) = (x —k/ny f(D), 


and, consequently, since (x — k/n) < 0 throughout Jj’, with mi = infy f’ and 
My’ = sup; f’, we have 


My (x — (k/n)) < fx) — f(k/n) < (& — (k/n)) mj. 


Hence, since Jin (x — (k/n)) dx = —1/2n’, integrating over T? and summing the n 
inequalities above, it follows that 


1 1 
_) Un, (f", Pn) <n Arn(f) < -) Lis: Pig): 


Now, since lim, Ln, (f’, Pn) = lim, Un, (f’, Pn) = J; f", it readily follows that 


1 1) — fo 
limn Arn(f) = ~5 fr-2 32 


which is what we set out to prove in this case. 
Also, since n S7(f, Pn) =" Sr(f, Pr) — (f() _ f(0)), it follows that 


)- fo 
limn Arn(f) =limnAra(f) — (f() — £O) = ee 


and the proof is finished in this case. 


28 2 The II-Riemann Integral 


When f/f is defined on an arbitrary interval [a,b], we appeal to a scaling 
argument. If f is defined on [a, b] and has a Riemann integrable derivative f’ there, 
put 


g(x) = f((-a)x+a), xe1=(0,1]. 


Then g is a differentiable function on J = [0, 1] that verifies 


1 
[e- b / f sH=f), sO=f@, 
I —4 Jfa,b] 


and 
1 n 1 n 
— do atk/n) = —) 7 fat b— a)(k/n)). 
k=1 k=1 


Therefore, multiplying through by (b — a), the first part of the argument applied 
to g yields that 


. baa _ fO-f@ 
timn( f= > flat —a)(k/n))) ==(b=a) A 


For the left Riemann sums of f, we proceed as above and the proof is finished. 
oO 


A couple of observations concerning Theorem 2. First, the knowledge of 
the exact rate of approximation can be used to advantage. Suppose that for a 
differentiable function f on J with a Riemann integrable derivative f’ and integers 
n1, 2, We are interested in evaluating 


n+n{ n+n2 
lim (> F&/@+m)) — YY f&/2+m))). 
k=1 k=1 


Since the above expression can be written as 
(n+n1)SR(f, Pain) — (1 +7n2)SR(f, Prin) 


= (n+ m)(SeL Prim) — ff) = r+n2)(SeCFPrim) ff) 
ri I 
+(m—m) ff 
I 


by Theorem 2, the limit asm — oo is equal to (n; — n2) F f. 
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Also, an examination of Theorem 2 suggests that since the rate of approximation 
of nAr»(f) is equal to that of nA; »(f) and of opposite sign, the linear 
combination 


(Sif, Pn) + Saf, Pr), 


Nile 


should be a better approximation. This is indeed the case, and we will discuss it 
below when considering the trapezoidal rule. 

It is also of interest to deal with the uneven tags that result by choosing tag points 
at a fixed distance from one of the endpoints in each J;’. Specifically, for0 < a < 1, 
let C) = {1 —@)/n, (2—a)/n,..., (n — a) /n}, and consider the Riemann sum 


n 


le ke 
Sus (f.Pn) = Sn, Pa Ca) = — Y° f(—=), 
k=1 
and the associated error terms 


je he / Ff —Su,f,Po). 


We will prove the result as it applies to the product of functions. Specifically, 
given a finite collection of Riemann integrable functions f),..., fy defined on J 
and a multi-index a = (a ,...,a@y) withO <a; <1forl <j <N, let 


We then have: 


Theorem 3 Let fi,..., fx be a finite collection of differentiable functions defined 
on I, with Riemann integrable derivatives f; for 1 < j < N. Then we have 


N I N N N N 
limn Auin( T] 4) = 5 (P14 -[] A) + Da [a II vi): 
i=l i=l i=l j=l iX¢j,i=l 


Proof We begin by writing 


SETS). ov 
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Concerning the second summand in (18), a straightforward computation shows 
that for each k we have 


Fh) Fh) <3 (08) (S22) TL se 


i=i jel ij t=] 


where iy ' 


= (k —a;)/n for 1 <i < j, and xj” Pia <i<QN. 
Now, by the mean value theorem, there are oF " between (k — a p/n and k/n, 


such that 


ni(~) fi (2) = Hef, l<j<n, 


and, consequently, the second summand in (18) above becomes 


* 1 ‘ 1( Jn = in 
es eG ) T] fe”). 
j=! k=1 ifAj,i=] 
which, by Bliss’ theorem, satisfies 
N N N 
OSCE rile ) TT Ae") =dYoa [ls I] fi). (19) 
j=l izi=! j=l tj =) 


Also, since the first summand in (18) is equal ton Ar py nee fi), by Theorem 2, 
it follows that 


N 1, N 
limn Aen([] fi) = 5 (T[#@-J] A). 
i=l i=l i=l 


which combined with (19) gives the desired conclusion. oO 


The case N = | is a most interesting instance of Theorem 3. With f; = f, the 
conclusion reads 


limn Augn(f) = L OSLO 4 af r= ( a—5)(f- £0), 


and, consequently, the choice a = 1/2 gives the best approximation, with the order 
of approximation of the error term strictly smaller than 1/n. 

To clarify the situation, we will consider the partitions where the tags are the 
midpoints of the partition intervals. So, let m; denote the midpoint of the intervals 
Tz, i.e. my = (k — 1/2)/n, 1 < k <n, and consider the Riemann sums with tags 
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Cy ={m',....mq}, 
1 n 

Su(f.Pn) = Srie(f, Pas Cin) = =) fF Omp), 
k=1 


and the associated error term 
Aun(f) = ff -Su(fPn) 
I 


Since Ay.n(f) = Oif f is linear but not if f(x) = x*, we might expect that an 
error term should involve a bound for f”. On J = [a, b], consider 


E(f,x) = / f—(-a)f((atx/2), a<x<b. 
[a,x] 


Then by the mean value theorem with some c between x and (a + x)/2, we have 


E'(f,x) = f(x) — f((a+x)/2) - o 9 Ha +x)/2) 


me 5 ®) (Fe) — f'((a+0/2), 


and again by the mean value theorem with c’ between c and (a + x)/2, 


E'(f,x) = 


(x 5 a) (c _ ((a + x)/2)) f'"(c), 


and so, with M2 a bound for f”, it follows that |E’(f,x)| < (M2/4) (x — a)’, 
which, since E(f, a) = 0, yields 


1 
JE S 75 M2 (x-ay, a<x<b. 


As for the asymptotic estimate, we will prove [75]: 


Theorem 4 Let f be a function defined on I = [a, b] that is twice differentiable 
there, with f" Riemann integrable on I. Then we have 


a)? f(b) - f'@ 


limn? Amn(f) = r 
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Proof We will consider J = [0, 1], for then the proof may be completed by scaling. 
Let Pn = {J} be a partition of J in Te, and write 


Amnf) =D. f (Fle) = Femp) de. 
es 


For | < k < n, suppose that x € J/!. Then by the mean value theorem for the second 
derivative [69], we have 


1 
f(x) = fom) + @ = mp f(mp + 5@ - my FEE), 


where ¢;’ is some number between x and m7 that depends on x,k, and n, and, 
consequently, since (x — k/n)? > 0 for x € If, with mi” = infj» f” and Me = 
sup; ff", we have 


1 1 
my" 5 (x — my < f(x) — font) — (@ — mt) f'n”) < cae me)? Me”. 
Hence, since Sin (x — mj) dx = 0 and Sin (x — mf)?dx = 1/12n3, integrating over 


[; and summing the above n inequalities, it follows that 


1 


11 1 1 WW 
3 Dr Ly.(f),Pn) < Aman(f) <= 5 ma UTS Pa). 


= 2 12n?2 


Now, lim, Ln, (f", Pn) = lim, Un, (f"; Pn) = Jf, fs and we conclude that 


: 2 ak Wo Pih=7 0) 
lim? Aun(f) = 94 f f= OSEO. 


and the result has been established. oO 


As the comment following Theorem 2 suggests, we consider the linear combina- 
tion 


1 
T(f,Pn) = = (SLOP, Pn) + SRF Pr)), 
2 


with the expectation to improve on the approximation. Now, on J = [0, 1], with 
x; =h/mforl <h<n,n=1,2,..., we have 


TEP . > UTE ae 


k=1 a 
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where the area above each interval J; of the partition is approximated by a trapezoid 
with vertices (x7_,,0), (xg, 0), (x_,, f(xz_1)), and (x7, f(x). Hence, the name 
trapezoid sum for this expression. 

We begin by considering the case of uneven length partition intervals; to 
emphasize this, we display the partition in the notation of the sums. Then, for 
general partitions Q, = {J}, with J? = [xe p> Xp7] 1 < k < mp, of partitions 
of J with ||Q, || — 0, let 


My 


T(f,Qn) = 5D (FOE) + FOR) El 


k=1 


and consider the corresponding error term 


Are, VS) =| f- T(f, Qn), n= 1, 2, Sia 


Since the above expression integrates a linear function exactly, but not so a 
quadratic, we might expect the error term for this inequality to involve the second 
derivative f” of f. In this general setting, we have [31]: 


Proposition 7 Let I = [a, b] be a closed bounded interval, and let f be a twice 
differentiable function defined On I. Then, if f” is Riemann integrable on I, for 
partitions Q, = {J;'} of I, we have 


|Ar@,(f)| <A), 


where A(f) assumes one of these two forms, 


Mn Mn 


va (sels) (Seiser). o 5 (fir) (Leer. 


Proof We consider first the case when the partition consists of the single interval /. 
Then, since f is twice differentiable in J, for x € J, we have 


((b — x)(x — a) f/x)’ = (b— x)(@ — a) f"(x) — Qx — @ +b) f'(@), 
and, consequently, by the fundamental theorem of calculus and integration by parts, 
Kc —x)(x — a) f" (x) dx = / (2x —(a+ b)) f(x) dx 
I I 


= ((2x — (a+b) fF]; - 2 | f 
I 
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which can be rewritten as 


b 
js (b ay US a f(a)) _ 5 |e HeswF ode: 


Hence, 


1 
| Arif) | 5 [o-x6 —a)|f"()| dx, 


which can in turn be estimated by 


) ny 2 2 
maxtd—ayx— a5 f if"1=5( ff") @—a) 


or by 
I 1 _ 1 " 3 
5 sup|f'| | (b-x)@ —a)dx = i sup| f° | (b— a)”. (20) 
I I I 


Equation (20) yields the familiar trapezoid inequality. To improve the approxi- 
mation, we will consider the composite trapezoid rule. We will complete the proof 
of (20) in this case. 

Let Qn = {J],.--,Jn,} where J)’ = [xz > XE pls be a partition of J where 
x7) = @ and x7, , = b. Then, since 


ArQ,(f) = Ei. f—5(FOR) + FOR) EI) 


from (20), it follows that 


Mn Mn 


47a,A| <5 > Lawl" eh <5 5 wif" 2 er 


The proof of the other statement follows along similar lines and is left to the reader. 
oO 


The usual trapezoid estimate does not apply to some simple functions, e.g., 
f(x) = x%,1 < a@ < 2, defined on J = [0, 1]. It then follows that f”(x) = 
a(a — 1)x%-? —> oo as x — 0+, and no estimate with sup, | f”| on the right-hand 
side of the inequality is available. On the other hand, Stet [f"| < a(a — 1)? for 
€ > 0, and so 


|Ar1(f)| < lim sup 


e>0t 


f-d 


fC) + fle) 
os | 
[e,1] 
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: 1 " 1 2 
< lim sup — |f' | < <a(a— 1)’, 
8 [e, 1] 8 


e>Ot 


and this estimate is available. 

Yet another way to estimate A(f) is by Hélder’s inequality applied to the 
expression that bounds A7,;(f). In [31], the authors show by means of examples 
that of the three estimates available, no estimate is better than the other two. 
They also consider applications to estimates involving different means, including 
arithmetic, geometric, harmonic, p-logarithmic, and identric. 

Restricting the partitions to Ie, it is possible to obtain a precise asymptotic 
behaviour: 


Theorem 5 Let f be a twice differentiable function defined on I = [a, b] such that 
f” is Riemann integrable on I. Then 


1 
limn’Ara(f) = Ge-a(f'@ - fo). 


Proof By scaling, it suffices to prove the case [a, b] = [0, 1]. We consider the case 
n = | first. If f is twice differentiable in J, by a simple application of the mean 
value theorem for derivatives, it follows that fora < x < b, we have 


1 
f(x) = fa) + («-a)f'@+ 40 = ay f"(), 
where c is a point between a and x. In particular for x = b, we have 
1 
f(b) = fa@)+b-afi@+ qO- ay f"C), 


with c’ a point between a and b. Solving for f’(a) above, we get 


1 
f(a = f(b) — f(a) a a) f"(c'), 


1 
ba 


which replaced in the first equation gives 


f(x) = f(@) + (x — a) f(b) — f@) 


1 
oa | 


1 1 
— 5x - a) 6-4) f"C)+ 5 - bY f"O. 
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Moreover, since (x — a)(b — a) and (x — b)* are > 0 on [a,b], with m” = 
inffa,p) f” and M” = sup,, 5 f”, it readily follows that 


1 1 
—3@ —a)(b—a)M"+ 5 —b)*m" 


1 
<f@)-f@+e—4) GB (f(b) — f@) 
< 1 b " 1 b 2M” 
ee —a)jm + 5G - YM". 


Also, since 
b—a)’ b—a) 
/ (x —a)dx = ( a) and / Gatti Cees 
[a,b] 2 [ 


integrating over [a, b], we get 


1 1 
eae _ a) M” + 50 —a)>m" 


= f-@ gi + £O) 
[a,b] 2 


1 1 
2=] (b-—a)> m" + gb-ay M" 
These are the bounds for the simple trapezoid rule. As for the compound 
trapezoid rule, let P, = {J} be a partition of J in I,. Considering the above 


expression for [a,b] = I, 1 < k < n, and summing over k and multiplying 
through by n”, we have 


1 1 
—— Un, (f, Pn) + = g Enel Pr) 


4 
<n (Jr-- pile ea LY a? Anal f) 


1 1 
=-q Ln.(f, Pn) + 6 Un. (f, Pn), 


which, since lim, Ln, (f, Pn) = limn Un, (f, Pn) = J, f”, implies that 


limn?Ar»(f) = — al f'=-z -—(f'(1) — f'O)). 


This completes the proof. oO 
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It is also possible to compute the error in the trapezoid rule exactly for functions 
that are expressed as a trigonometric series. In particular, for even functions defined 
on [—z1, zr], it turns out to be convenient to use a Fourier cosine series on [0, z], 


PO) =F + Dax cos(kx), 


k=1 
where the coefficients az are given by 


2 
a= = f(x) cos(kx) dx, k=0,1,2,... 
T J{0,z] 
For any f (x) whose series converges to f(x) at every x in [0, 2], by the Riemann— 
Lebesgue lemma, a, — 0 for k > oo. 
Now, the integral Sto) Ff = (1/2) ag. As for the expression S7_,(f), it is equal 
to 


n—-1 


St.n(f) = [, ic = Ya(- sce + cos(Nkt/n)). 
se N=1 


2 
k=1 


By the Lagrange expression (24), the only time the factor multiplying ax is 
nonzero is when k = 2mn where m is any integer (i.e., when k is an even multiple 
of 1), in which case it is equal to n. Hence, 


Arn(f) =-% >» 42mn- 


m=1 


Thus, the convergence rate of the Fourier cosine series determines the approxima- 
tion rate of the trapezoidal rule [50]. 

Now, an examination of Theorems 4 and 5 intuitively suggests that since the error 
in the midpoint rule is half that of the error in the trapezoidal rule and of opposite 
sign, the linear combination 


SI(f,n) = (Py, n)+2M(fin )) 


n 


Lat (fan +4(—— 7) + f(x) 


n 2 
k=1 


nile ule 


corresponding to Simpson’s rule, should be a better approximation. 

A word about the self-taught mathematician Thomas Simpson (1710-1761). 
Born the son of a weaver, he was kicked out of the house by his father because 
his reading and studying interfered with his weaving. He moved in with a widow 
(the mother of one of his friends), and they were married in 1730. Through the 
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books an astrologer fellow lodger lent him, Simpson learned the art and became 
a renowned fortune teller. A young woman approached him to find out about her 
lover who was at sea, and not to disappoint her, an assistant of Simpson appeared 
as a vision, and the woman suffered such a shock that she lost her mind for a time. 
Simpson quit his fortune telling, and moved to Derby, where he worked as a weaver 
and opened a school. In 1737, he published A new Treatise of Fluxions, a high- 
quality textbook devoted to the calculus of fluxions, republished in 1750 as The 
doctrine and applications of Fluxions. The topic was advanced for the time, and it 
was no trivial feat to write such a book when calculus was mastered by only a few 
mathematicians in Europe. 

Simpson was also part of a group of itinerant lecturers who taught in London 
coffee houses. At this time, coffee houses were sometimes called the Penny 
Universities because of the cheap education they provided. They would charge an 
entrance fee of one penny, and customers would listen to lectures while having 
coffee. Different coffee houses catered to specific interests such as art, business, 
law, and mathematics. 

Simpson is best remembered for his work on interpolation and numerical integra- 
tion. Simpson’s rule, although it did appear in his work, was something he learned 
from Newton’s work as he himself acknowledged. Some have attributed the rule to J. 
Kepler (1571-1630), and in Germany, it is often referred to as Keplersche Fassregel 
(Kepler’s barrel rule). Kepler’s interest in calculating areas and volumes stemmed 
from the time in Linz, Austria, in 1613, when he had purchased a barrel of wine 
for his second wedding and the wine merchant’s method of measuring the volume 
angered him. This inspired Kepler to study how to calculate areas and volumes and 
to write a book about the subject. Others attribute it to B. Cavalieri (1598-1647). On 
the other hand, the modern iterative form x4, = x, — f (xn)/f’(%) in Newton’s 
method of finding a root of a nonlinear function, derived below, is due to Simpson, 
who published it in 1740. 

Returning to our discussion, let 


A AS i f —SI(f.n) 


and recall that for n = 1, 


sip, 0 =" 2" (r@ +47(2") + 10) 


is the expression in (10), and, as noted there, the simple Simpson rule is exact up to 
polynomials of third degree or less. We might thus expect the error to be expressed 
in terms of fourth order derivatives, and this is indeed the case, as a familiar error 
expression in this case assumes the form —((b _ a)? /2880) f™ ©), [25]. 
However, there are simple functions, such as f,(x) = (x — a)?, with p € (3, 4), 
that satisfy lim,_.,+ f, a (x) = oo, and therefore, one of the most used quadrature 
formulae in practical applications does not apply to them. Yet, it is possible to 
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estimate the error in terms of lower order derivatives [30, 76], as the following result 
shows: 


Theorem 6 Let f be a function defined on [a, b], and suppose that f has Riemann 
integrable derivatives up to order m there, where m = 1, 2,3, 4. Then the following 
inequalities hold: 


[Asia(P| < Cm b— a" | \f™|, m=1,2,3,4, 
[a,b] 
where Cy = 1/3, Cz = 1/24, C3 = 1/324, and C4 = 1/1152. 


Proof We will first consider the case m = 1. For an interval J = [a, b], let ) = 
[a, (a + b)/2] and J, = [((a + b)/2, b], denote the left half and the right half of /, 


respectively. 
Let 
5a+ +5 
si(x) = (x =S=) xn@) + (x- S) x. 
Then, 
Sat+b 
/ af'= | (x- of ) f@dx 
[a,b] [a,(a+b)/2] 6 
5b 
+f (x- "7 ) fade 
[(a+b)/2,b] 6 
Sa+b (a+b)/2 
a (« 6 )r e 


5b b 
+(x me 5 ) FO oy 7 i, : 


Now, a straightforward computation gives that the integrated term is equal to 
SI(f, 1), and, consequently, As;1(f) = fi s f’. This expression is then bounded 
by 


1 
/ InlIf'ls 3-4) Lf 
[a,b] [a,b] 


The proof of the remaining cases follows along similar lines using the functions 
[38], 


2a+b 
3 


a+ 2b 
3 


20) = F(x —a)(x ) xn) + 50 — (x ) x40, 
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b 1 b 
ss) = —Z(« = a(x = SP) ya,(4) = 20 — P(x -— SF") 1,00, 
and 
1 2b 1 2a+b 
5400) = Or =a)? (x = SF) gy) + 3 — P(x - =P) 1,00, 
and the relations 
Agitfy= fos" _ for" = [sr 
I I I 
This completes the proof. oO 


There is a trick left in our bag. Since f- 1, 51 = 0, we can improve the estimate of 
i , 81 f’ by subtracting a constant from f’. In this case, we have: 


Theorem 7 Let f be a function defined on I = [a,b], with a derivative f' that 
is Riemann integrable there. Then, with my = inf; f'(x) and M; = sup f'(x), it 
follows that 


1 
|Asr.i(f)| < g (Mi —my)(b— a)’. 


Moreover, if f’” is Riemann integrable on I, 


1 b) - A af 
lasnil s 6-0)" fF? ee Ql) 


Inequality (21) is sharp in the sense that 1/6 cannot be replaced by a smaller 
constant there. 

Furthermore, if Py = {Ip}, To = (xk Xk,r], | < k <n, is a partition of (a, b] 
in Tle, 


lia. 70= 1/2 
Asin Sg L(A ff — (Ger — FeR)’) 
k 


nN n 
k=1 


Proof As noted in Theorem 6 we have As7,1(f) = J, 81 f’. Then, since f, 5) = 
0, ik sf’ = i si(f’ — c) for an arbitrary constant c, and since we have 
supyey |S1(x)| = (b — a)/3, it follows that 


b- 
fori e252 fir 
I I 
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Now, f’(x) — my; > 0 throughout J, and so with S; = (f(b) — f(a))/(b — a), 
we have 


heh dieibc lawn 
1 I 
and, consequently, 


1 Q 
= 365 —my)(b—a)’. 


[sis 


Also, since f’(x) < My, throughout /, a similar computation gives 
/ 1 2 
| f sif'| < sr - 8) b-a), 
1 ) 
and adding these estimates gives 


[fsur 


Let next f; denote the average of f’ over the interval /. Since for a constant c 
we have 


i 2 
= a —my)(b—a)’. 


1 


Pail SF @) =e le= FSI @ cl af If'(y) — el dy, 


integrating over J, it follows that f, |f’(x) — fyldx < 2 J, |f'(«) — e|dx, and, 
consequently, 


int f if) —eldx = f if") file = 2int f 1/' ela. 
Cc JI I Cc JI 


Thus we can do no better than subtracting f;. Then, by the Cauchy—Schwartz 


inequality, 
| i oe 5 | i nlf 7 fi) = (| s?) eh fe a fy’) le 


which in turn, since 


j >» (b-ay 
s~=—2 
: 36 
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and 


[u- fy =f 9 (f(b) - f@y 


b-a 


yields (21). 
To verify the sharpness of the inequality, consider J = [0, 1], and the function 


f(@)= (5 x 2 ex) x rye) + (527 — 2x45) xian. 


Then, {, f = 0,70) = fO) =0, f0/2) = 1/24, and f, ‘i = 1/36, so that 
if (21) holds with C in place of 1/6, there we have 


w= bvGlec({r") =5¢ 


Hence, 6C > 1, and 1/6 is the best possible constant in (21), [103]. 
Finally, let Pn = {[?}, Tf = Le, xk,r], 1 < k <n, be a partition of [a, b] in 
II,. Then by (21), since x%,- — xx, = (b — a)/n for all k, 


fat gg ion +4 HS) + sen) 
stOSGE(f lenses 


Then, summing and simplifying, it readily follows that 


ipoaz 2 2 9\ 1/2 
|Asin |S & : Dy - is = (F K) = £0%0)") ; 


k=1 
and the proof is complete. Oo 


The situation is more manageable for smoother f, e.g., when the derivatives of f 
are continuous rather than merely Riemann integrable on J. For the trapezoid rule, 
by the mean value theorem for integrals, from Proposition 7, it follows that for some 
€ € [a, b], the error expression is 


1 1 
Arif) = 5 |e x)(x — a) f" (x) dx = =a5 tb ay Pe). 
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We have stated above a similar error expression for the Simpson rule. And, for 
the left Riemann sums, since 


/ s=-| f@Md(b—th=—ft)O ol+ f f'(t)(b — t) dt 
[a,b] [a,b] [a,b] 


b— 2 
= f(a)(b—a)+ vo ee: 


it readily follows that there is € € J such that 


Ataf) = Ce ie. 


In general, an integration rule whose error expression E(f) on J = [a,b] 
assumes the form 


E(f)=M(b—a)*f%@®, &e, 


whenever f € C*(J) is said to be a simplex on I, [25]. The constant M may depend 
on the rule but is otherwise independent of J and /. In fact, all the elementary 
numerical quadrature methods satisfy this condition [34, 93]. 

We claim that if we now consider the compound rule that arises when I is divided 
into n equal length subintervals and let E,,(f) designate its error, we have for f € 
C*(1) the asymptotic relation 


limn*E,(f) = M(b — ay'(f©') — fF P@)). 
n 
To see this, let [x;-1,x;] denote the jth subinterval of J and E; r(f) the 
corresponding error, and observe that by linearity, transferring the error rule to these 


subintervals, it follows that there are €; with xj_1 < §; < x; forl < j <n, such 
that 


b 
En(f) = yore yu S16) 
j=l J= 


bod Oa) — 
_ wu‘ a) ( = FE). 


n ; 
j=l 


Now, since 
lim ena > fE;) = / f° = (f8&-)(b) = f*%Q@), 
ie f= [a,b] 


the conclusion follows. 
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For instance, in the specific case of the trapezoid rule, we get 
1 2 
limn’ Arn(f) = —>(b—a) (f'®) — f'@), 


which is precisely the conclusion of Theorem 5. And for the left Riemann sums, we 
get 


(b —a) 
2 


limnArn(f) = (f(b) — f(@), 


which is the conclusion of Theorem 2. 


2.4 Roots of Nonlinear Equations 


We discuss next an application of quadrature methods to the calculation of the 
roots of a nonlinear equation. Newton’s iterative approach, perhaps the best known 
and most widely used algorithm, can be derived, and improved, using quadrature 
methods [107]. 

The setting is that of a smooth function f defined on an open interval D, and 
assumed to have a simple zero at a point a € D,i.e., f(a) = Oand f’(a) 0. The 
simple left Riemann sum of f’ is given by 


/ f! © (x — Xn) f’ Gn), Xn, x € D, 
[xn,x] 


and since fr, ., f’ = f(x) — f Gn), we have 


f(x) x fn) + (x — Xn) F Ga): 
Now, if a is a zero of f, it follows that 


= f (in) 
f' (xn) , 


~ Xn 


which suggests the value of the Newton iterates x,+1 as 


f (Xn) 


Xn+1 = Xn n= 0,1) 82.5 


- F'n) , 


where xg is assumed to be chosen sufficiently close to a, and which converges to 
the root quadratically. Informally, this means that after some iterations, the process 
doubles the number of correct decimal places or significant digits at each iteration. 


2.4 Roots of Nonlinear Equations 45 


Weerakoon and Fernando [107] proposed a variant of Newton’s method by 
applying instead the simple trapezoidal rule to f’, 


| eA 3 @ = xn) a tz (tn) + f '(x)). 


This yields 
POX) © fen) + [= (pan) + f'00), 
which at a zero a of f becomes 
i 
" f' Gin) + f(a) 


and suggests the new iterate value x,+1, this time given implicitly, as 


2f (Xn) 
f'n) + fF’ %n41) ; 


Xn+1 = Xn 


In order to deal with the implicitness, we replace x,+; on the right-hand side 
above with the value of the Newton iterate and get 


2f (Xn) 


- , n=0,1,2,... 
f'n) + lace = #5) 


Xn+1 = Xn 


as the value for the successive iterates, where xo is assumed to have been chosen 
sufficiently close to the root. 

In order to carry out the analysis of the convergence of {x,}, we will make use 
of Taylor’s formula for f in a neighbourhood of the zero a in D of f. We adopt the 
usual notation in this context, namely, 


iw i 1 -®@), ae ee 


€n =X, —a, and, Cr= 


We then have: 


Proposition 8 Let f : D — R be defined on an open interval D, and assume that 
f has first, second, and third derivatives in the interval D. If f has a simple root 
at a € D and xg is sufficiently close to a, then the iterations for the variant Newton 
method satisfy the error equation, 


enti = (C3 + 5e3)e3 + oe). 
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Proof Since a is a simple root of f, the Taylor expansion at x, reads 
fn) = fla + en) = f'(a)(en + Carey + +33 + O(€%)), 
and that of f’ at x, reads 
f'n) = f'@)(1+2Cren + 3036; + OC), 


and, therefore, long division gives 


f@a) _ 
F'Cn) 


en — Cre, + (2C2 — 2C3) e? + O(E%). 


Whence the Newton iterates 5 41 verify, 


f (Xn) 


“FG at @ en + (2C3 —2C3)e, + Ofer), 


* a= 
Xn4+1 = Xn 


and, again by a Taylor’s expansion at the Newton iterate x7 41 it follows that 


fol = ra $2072 +4063 -C) 8+ ace ) 
which added to the expansion for f’(x,) gives 
/ / / 2 3 Z 3 
fGen) + f' Ging) = 2 f'(a)(1 + Coen + (CF +5 Cales + O(€})). 


Therefore, 


7c) 
F'n) +f OR 


1 
én — (CF + 5 Cs) ef + OES). 


Thus, since for the successive iterates, we have 


2 f (Xn) 
f'On) + FOG)’ 


Xn+1 = Xn 
and Xn4+1 = €n41 +a and x, = ey +4, it readily follows that 


1 
nti ta = en ta — (en — (CE + 5C3)en + O(e)) 
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and, consequently, 
1 
ent = (Cz + 5 Caden + OE), 


thus establishing the third-order convergence of the variant Newton method consid- 
ered. Oo 


A feature of the variant Newton method is that unlike other third or higher order 
methods, no computations of second or higher derivatives are required to carry out 
the iterations. And it is economical too. For the function f(x) = x? sin?(x) + 
exp (x? cos(x) sin(x)) — 28, starting out with x9 = 5 and aiming at an approximation 
to the root to 15 decimal places (the desired value is then 4.82458931731526), 
Newton’s method requires 9 iterations and 18 function evaluations to reach a 
computational order of convergence of 1.99 (close to quadratic), whereas the variant 
requires 5 iterations and 15 function evaluations to reach a computational order of 
convergence 2.87 (close to cubic) [107]. 

Frontini and Sormani showed that a similar result holds, independently from the 
quadrature formula used for the computation of the integral above [36]. 


Monotonicity of Riemann Sums 


We will now address the question of the monotonicity of the Riemann sums. For 
functions f defined on J = [0,1], Bennett and Jameson considered conditions 
under which various averages of the values of f evaluated at n equally spaced points 
through J increase or decrease with n, [8]. In particular, they discussed the averages 
excluding and including the endpoints of J given, respectively, by 


n-1 
AN=—— > r(=), 222, (22) 
k=1 
and 
B Ze : = 0 23 
m= = L(G). n>0. (23) 


One endpoint averages, such as the left and right Riemann sums of /f, are also of 
interest. We begin with an observation of general nature: 


Proposition 9 Let f be a monotone function defined on I with f (0) # f (1), and 
let P, denote the partitions of I in W¢. Then, if Sr(f,Pn) < Sr(f,Pn+1) for 
some n, it follows that S~(f,Pn) < Sif, Pn+1) for the same n. On the other 
hand, if Sr(f, Pn+i) < SrCf, Pn) for some n, then, for the samen, Si(f, Pn+i) < 
SL f, Pn). 
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Proof Assume first that f is increasing. Writing the assumption Sr(f,Pn) < 
Sr(f, Pn+1) in full, it readily follows that 


n—-1 


fA) <n fK/M@FD)- 4D fK/n). (24) 


k=1 k=1 


For the sake of argument, suppose that S7(f,Pn4i1) < Sz~(f, Pn). A similar 
computation gives that 


n n—-1 


ny fk/M+))-M+) >> fKk/n) < FO, 


k=1 k=1 


which combined with (24) implies that f(1) < {(0), which is not the case since f 
increases. 

Now, if f is decreasing, —f is increasing, Sr(—f,Pn) = —Sr(f,Pn) and 
Si(—f, Pn) = —Si(f, Pn). Hence, if Sr(f, Pri) < Sr(f, Pn), from what we 
just proved it readily follows that S7(f, Pn+1) < SL(f,Prn)- 

Moreover, with f still decreasing, if Sr(f,Pn) < Sr(f,Pn41), the reverse 
inequality to (24) holds, and 


n n—l 
n> fk/M@+))- M+) )>_ fk/n) < FO. 
k=1 k=1 


And, were S7,(f, Pn+i1) < SitCf, Pn), a similar computation combined with the 
above remark gives that f(0) < f(1), which is not the case since f is decreasing. 
To complete the proof, we just replace f by — f in the last conclusion. Oo 


Although numerical computations may suggest that {Sr(f, Pn)} and {S_(f, Pn)} 
are monotone, it is not immediate to find applicable conditions that assure this. For 
instance, for the function f(x) = x, we have that U(f, Pn) = Sr(f, Pn) = 1/2 + 
1/2n is decreasing and that L(f,Pn) = SiC f,Pn)) = 1/2 — 1/2n is increasing, 
but this does not follow from any general principle. As it turns out, the monotone 
behaviour is an exception rather than a general phenomenon, and the convexity or 
concavity of f is present in all the cases criteria can be stated [58]. 

Recall that a function f defined on J is said to be convex on I if 


f(ax+(l—a)y) <af(x)+(1-a) f(y) (25) 


for allx, y € J and0 <a < 1. And, a function f is said to be concave on I if 
f(ax+(l-a)y) >af(x~)+U-a) fo) 


for allx, y € J and0 <a < 1. Thus, f is convex iff — f is concave. 
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We begin by considering the averages excluding the endpoints: 


Proposition 10 Let A,(f) be given by (22). If f is convex on (0, 1), the sequence 
{An(f)} is increasing. And, if f is concave on (0, 1), {An(f)} is decreasing. 


Proof Suppose first that f is convex on (0, 1). Let then x/” = h/m,1 <h < m, 
n+l n+l 


m = 1,2,... Now, for 1 < k < n, Xp lies between x, and Xpays and, 
consequently, 
1 1 
xp =agxe + —-afjay, 1<k<n, (26) 


where 0 < a = (1 —k/n) < 1. Then, from (26) and the convexity of f, it follows 
that 


rep <(1- =) forty += rontp, 


and, consequently, summing, 
n= 
> fap s[(1- =) fart + = og") 
k=1 


+|(1- =) fog += 2 Fatty )]+- 
+|(1 _ fm a ntl) 4% a | font] 


xttl) = (n— 1) Anti lf), 


which is the desired conclusion in this case. 
And, if f is concave on (0,1), —jf is convex there, and by the result we 


just proved, —An(f) = An(—f) < An+i(—f) = —An+i(f). Hence, {An(f)} 
decreases with n, and we have finished. oO 


The corresponding result for the B,(f) is the following: 


Proposition 11 Let B,(f) be given by (23). If f is convex on (0, 1), the sequence 
{Bn(f)} is decreasing. And, if f is concave on (0, 1), {By(f)} is increasing. 


Proof It suffices to prove the result when f is convex. Let x7" = h/m,1<h<m, 


m = 1,2,... For0 < k <n, the point x; lies between x;~ : and x; 


62 no Loon, welae 


n—l and for 


k 
xg = of xf] + 1 — af) xf! = (=) aft + (1 - =) apt. (27) 
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Consistent with (27), note that x5 = = x and x?) = x” - . , and for the values k = 
0, n, we have f (xp) = (n/n) fxg!) and f(x”) = (n/n) f (x21), respectively. 
For the remaining values of k by the convexity of f from (27), it follows that 


ron <(*)ropb+*— rep. 


Hence, combining these assertions, 
n 


a fae s is eae + [- fr) ae ss 1 fot] 
n A i 


k=0 
2 =2 
+[=fop)+—— sae + 
=) 
+ [27 per+— rend] +* rer 
n 


= 
=" FOP) = + DB AW). 
k=0 


which implies that B,(f) < B,—1(/), and the proof is finished. oO 


For a monotone function f that is either convex or concave on J, we are 
interested in the monotonicity of the right and left Riemann sums of f. Taking into 
account the monotonicity and convexity of f, there are eight possible outcomes for 
the monotonicity of these Riemann sums of /, and they are covered in our next 
result. A useful observation concerning these sums is 


Sr(f—-), Pn) = Sif, Pn), and, Szr(fU—-), Pa) =SrC Pn). (28) 


We then have: 


Theorem 8 Let f be a monotone function defined on I that is either concave 
or convex on (0,1). Then, if f is increasing on I, {S_(f,Pn)} increases and 
{Sr(f, Pn)} decreases with n. And, if f is decreasing on I, then {Sr(f,Pn)} 
increases and {S,(f, P»)} decreases with n. 


Proof Suppose first that f is convex increasing on (0, 1), and let g(x) = f(x) — 
f(O). Then g is positive, increasing in J, and convex on (0, 1). Also, g(0) = 0 and 
An(g) = 0 for all x. Then, 


n-1 


Si(g. Pn) = — 7 Lekn = 2y aim = (1- +) Ance). (29) 
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Now, since (1 — 1/n) < (1 — 1/(n + 1)) and by Proposition 10, the sequence 
{An(g)} increases with n, the right-hand side of (29) does not exceed 


1 
(1 — 5) Ansi(e) = S18, Pas) 


and, consequently, {S;(g, P,)} increases with n. 
Moreover, since S;(g,Py) = Si(f, Pn) — f (0), it follows that 


Sif: Pa) — FO) = SL(8, Pa) S SL(8, Pati) = SLA Pati) — FO), 


and, consequently, S7;(f,Pn) < Szi(f,Pn41), all n > 2 (strictly, unless f is 
constant.) Since as is readily verified S$, (f,P1) < Si(f, P2), the proof is complete 
in this case. 

Now, if f is convex decreasing on (0, 1), f(1 — x) is convex increasing on (0, 1) 
and by (28), Sa(f, Pn) = Su(f(1—), Pn) < SEF), Patt) = Saf Prt); 
and so {Sr(f, Pn)} increases with n. 

And, if f is concave decreasing on (0, 1), then — f is convex increasing on (0, 1), 
—SL(f, Pn) = SL(C-f, Pn) < SLC, Png) = —SiCf, Patt), and (Sz Cf, Pn)} 
decreases with n. 

Finally, if f is concave increasing on (0,1), —f is convex decreasing on 
(0, 1), and, consequently, —Sr(f,Pn) = Sr(—-f,Pn) < Sr—f, Pati) = 
—Sr(f, Pn+i), and {Sr(f, Pn)} decreases with n. 

To complete the proof of the remaining four statements, with f increasing and 
convex on (0, 1) and g as above, observe that since g(0) = 0, 


g) _ 
on 


Sr(g, Pr) ban Si(g, fn) = 


n 


(1+ ~) Byte) - (1-~) Ante), 


and, consequently, from (29), it follows that 


Se(g.Pn) = (1+ ~) Bulg). 


Now, since (1 + 1/n) > (1 + 1/(m + 1)) and by Proposition 11, the sequence 
{Bn(g)} decreases with n, and since B,(g) > 0, the right-hand side above dominates 


1 
(1+ app) Battle) = Sele, Pr) 
which implies that {Sr(g,P,)} decreases with n, and the same is true for 
{Sr(f, Pad}. 

It then readily follows that if f is convex decreasing on (0,1), {SL(f, Pn)} 
decreases. And, if f is concave decreasing on (0, 1), that {Sr(f,Pn)} increases 
with n, and, lastly, if f is concave increasing on (0, 1), {S7(f, Pn)} increases with 
n. Thus all eight possibilities have been covered, and the proof is complete. oO 
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We will now establish that Theorem 8 holds if the monotonicity assumption on 
f is dropped. We have: 


Theorem 9 Let f be a function defined on I. If f is convex on (0, 1), {SLCf, Pn)} 
increases with n. 


Proof If f is a convex function on [0,1] that is not monotone, f attains its 
minimum on [0, |] at some point c € (0,1). Then, f is decreasing on [0, c] and 
increasing on [c, 1]. Let g(x) = f(x) — f(c), g(c) = 0. For partitions P, = {I} 
of J in Te, let k, denote the index k such that c € J;. Then the minimum of g on Jk 
is g(k/n) fork <k,. — 1,0 fork = ke, and g((k — 1)/n) fork > ke + 1. Hence, 


S1(g, Pr) = (1- =) Ante), 


which is the relation (29), and the proof proceeds as in Theorem 6. oO 


The corresponding statement for {Sr(f,P,)} is also true, but the proof is more 
elaborate [8]. 

In our next result, the tags are allowed to vary from the endpoints, while 
nevertheless the monotonicity of the Riemann sums is preserved. In this case, we 
have: 


Theorem 10 Let f be a function defined in a neighbourhood of [0, 1], and with a 
real sequence r = {rj}, put 


lo sk 
Sp(fin) = - LAG +r), 
and, with ot; = (1 — k/n) as in (26), let 
Bey = re — ag ret! — (af) rity. (30) 
Suppose that By > 0 for all k,n. Then, if f is decreasing and convex on 


(0, 1), {Sp(f, n)} is increasing with n. And, if f is increasing and concave on (0, 1), 
{SE(f, n)} is decreasing with n. 
Proof Let xj! = h/m and xj! = h/m + 1rj', for | = h = m,m = 1,2,... Now, 


=o) ae + (1 - a?) eey and we will look for a similar relationship for the 


Xz. Indeed, we have 
n _ on ntl ny n+l n 
Xk op = OK Xi Cb Oy) Xeadr + By ps (31) 


where 67’ , is given by (30). 
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Since Be > 0 for all n, for f decreasing and convex, from (31), it follows that 
fork =1,...,n 


k ie k 
Fxg.) = F((1- = )agt! + = xftl,) 


< (1-*) pogty += rottt. (32) 


Moreover, since f is decreasing, it readily follows that 


(- “) fe 4- n fet 


cree’ (33) 


) 
<) f(x, mo ate 1) k+1,r 


< (1- 
(n+ 1) 
Thus, combining and adding (32) and (33), it follows that 


+l) >0 f@z,) < so +1—k) f(xgt") + 3. FOg (34) 


k=1 k=1 k=1 


Now, since f_, k fatty) = Lite — 1) f(a?t!), the sum on the right- 


hand side of (34) becomes 


n+1 
n fatty tn 3 FORT) + nf ort) an dX pare. 
k=2 
Hence, from (34), it follows that 
n+l 
(n+ Dd Fer e ape 7, 


k=1 


which is what we wanted to show. 

Now, if f is increasing and concave, —f is convex decreasing, applying the 
above result, we get —S2(f,n) = Sp(—f,n) < Sp(-fint 1) = —-Sp(f.n+t 1), 
and so {Sp(f, 2)} decreases with n. Thus the proof is finished. oO 


When the double sequence {r;} depends only on the level n, ie., 7 = rp for 
1 <k <n, Then £2 = By = rp — rn+1, which is positive when {r,} is decreasing. 
In particular, it holds for r, = r/n, all n, [2]. 
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We also have: 


Theorem 11 Let f be a function defined in a neighbourhood of [0, 1], and with a 
real sequence r = {r;}, put 


Si(fn) = sys a 


and, with ot; = k/n, let 
Be =rp — a oo -(- ae; (35) 


Suppose that By < O for all k,n. Then, if f is decreasing and convex on 
(0, 1), {Si Cf, n)} is decreasing. And if f is concave and increasing, the sequence 
{S) Cf, n)} is increasing. 


Proof Let x)" = h/m and Xher =h/m+r?,l1<h<m,m=1,2,..., and note 
that with o? as in (26), 


XE p = OE Xp 1, tat) xt; + Br, (36) 
where 7’ is as in (35). 


Suppose first that f is decreasing and convex. Since 6 < O for all k,n, 
from (36), it follows that 


rony< (=) sR} +(1-{)\ fog), 1sksn-1. 


Now, since f is decreasing, the right-hand side of this last expression is bounded by 
fot) =(—) robly+(1-—) ref, isksn-1. 


Hence, summing it follows that 


n—-1 n—1 n—-1 


n-1) >) FOE) S DOR FGE) + DO @-1- FG). 


k=1 k=1 k=1 


where changing the limits of summation in the first sum gives that the sum is equal to 


n—2 n—-1 


DG +D FOR) + OO -1- WFR) 


k=0 k=1 
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n—2 n—2 
= fg, + E+ D FOR) + Do - 1- Fg. 
k=1 


k=1 


Whence, adding (n — 1) f (x?) = (n — 1) f (x07) to both sides (since x7! = 
X0, r= 0), it follows that the sum equals 


n-1 n—2 n—2 
(@—1) >> F@z,) Saf OG, +2 > fez, =n) FG) 
k=0 k=1 k=0 


and, consequently, S;(f,n) < S_(f,n — 1), as we wanted to prove in this case. 
When f is increasing and concave, we apply the above result to — f. The proof 
is thus finished. oO 


Now, when the double sequence {r;'} depends only on the level n, then 6 = 
Bn = 'n —Tn—1, Which is negative when {r,} is decreasing. In particular, it holds for 
Tn =r/n,alln. 

Borwein, Borwein, and Sims used a digitally assisted approach to address the 
question of the monotone convergence of the Riemann sums of f, [10]. By digital 
assistance , we mean the use of mathematical computer packages—symbolic, 
numeric, geometric, or graphical, such as Maple and Mathematica; specialized 
packages or general purpose languages such as Fortran, C++; and web applications 
and databases including Google, MathSciNet, ArXiv, and others. In this instance, 
digital assistance leads the authors through Google to the work of Andras [3], the 
evaluation of arctan(1), and the consideration of the sequences {x,}, {y,}, defined 
by 


n-1 


n 
n n 
Xy = ) Pee’ and Yn = ) mae n=1,2,... 
k=1 k=0 


These sequences can be expressed as {Ay+1(f)} and {B,—1(/)} for the function 
f@)=1/d+ x”) and converge to the integral of f on [0, 1]. In fact, {x,} increases 
with n, whereas the monotonicity of {y,} remains an open question [10]. Now, f 
is decreasing on [0, 1] and has an inflection point at 3/3, where it changes from 
concave to convex. The function f = x;0,1/2], which exhibits similar characteristics, 
shows that no monotonicity result is viable under these conditions [10]. However, a 
result is available if convex and concave are interchanged. In that case, we have: 


Theorem 12 Let f be a decreasing function defined on (0,1] such that f is 
convex on [0, c] and concave on [c, 1]. Then {Sr(f, Pn)} increases and {S,(f, Pn)} 
decreases with n. 

And, if fis increasing on [0, 1], concave on [0, c], and convex on [c, 1], then 


{Sr(f, Pn)} decreases and {S,(f, Pn)} increases with n. 
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Proof Assume first that f is decreasing, convex on [0, c], and concave on [c, 1], 
and let 


dd aad OX Pas 
fo, c<x<l, $@. Sew 


We claim that g is nonincreasing and convex on [0, 1]. Clearly, g is nonincreas- 
ing. As for convexity, it suffices to verify (25) forO < x < c < y < I, and 
0 <a < 1. Note that thena x + (1—a)c <c < y. Hence, 


g(ax + (1—a)y) < sax + —a)c) = flax + 1 — @)c) 
<a f(x)+U—a@) fc) =ag) +d —a@) gy). 


Likewise, h is concave and decreasing on [0,1]. Then, by Theorem 8, 
{Sr(g,Pn)} and {Sr(h,Pn)} increase with n, while {S_(g,P,)} and {Sz (h, Pn)} 
decrease with n. Moreover, since g(x) + h(x) = f(x) + fo), it follows that 
Sr(g.Pn)+SR(h, Pn) = SRF Pn) +SRf(C)s Pn) = SRL, Pn) + f (0) increases 
with n, and so {Sr(f, Pn)} increases with n. 

Similarly, the relation S7(g,Pn) + SL(A, Pn) = SLCf, Pn) + fc) yields that 
{Szi(f, Pn)} decreases with n, and we are done in this case. The proof of the second 
statement follows by applying the first part to — f. oO 


A similar argument to Theorem 12 gives the following conclusion [10]. If a 
function f defined on J is concave on (0, 1) and symmetric about the midpoint 
x = 1/2, then the sequence with terms 


1/2) — fO 
Saf, Py) — £0 FO) 


increases as n increases. The proof is left to the interested reader. In fact, along with 
convexity, the notions of symmetry and symmetrization play an important role in 
this area [10]. 


Chapter 3 m®) 
A Convergence Theorem sei 


In this chapter, we prove a basic convergence theorem for the Riemann integral. 
Although the Riemann integral does not enjoy satisfactory properties with respect 
to pointwise limits, Theorem 13 allows for the taking of limits. Our general setting 
is as follows: Let {y%,} be a bounded family of Riemann integrable functions such 
that lim, J, 1¥ng =a if ,@ for all y in a family of Riemann integrable functions 
whose span, i.e., the finite linear combinations of these functions, approximates the 
Riemann integrable functions on J. Then, lim, /; rinf =a { , J for every Riemann 
integrable function f on I. 

Now, since by (4) above, given ¢ > 0, there are (piecewise constant) step 
functions u and U, say, i.e., finite linear combinations of characteristic functions 
of subintervals J of J such that u < f < U and fie —u) < 6, the 
collection of the characteristic functions of subintervals of J is one such family. 
And, graphically or otherwise, from this, it follows that, given « > 0, there are 
continuous functions g, G, say, such that g(x) < f(x) < G(x) throughout /, 
and 1(G — g) < &. We may then invoke the Weierstrass approximation theorems 
(proven below) to the effect that algebraic and trigonometric polynomials approach 
continuous functions uniformly on J and, therefore, incorporate the algebraic and 
trigonometric monomials as families the convergence theorem applies to. 

We prove the following basic result: 


Theorem 13 Let II be an admissible family of partitions of a finite interval I C 
R, and suppose that {W} is a uniformly bounded sequence of Riemann integrable 
functions on I such that for some a € Rand all subintervals J C I that belong to 
some partition P of I in TI, 


tim | Vn =| JI. (37) 
n J 
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Then, for every Riemann integrable function f on T, 


lim / fin=a 1 Z (38) 
n T T 


Furthermore, let ¥ = {gy} be a family of Riemann integrable functions on I so 
that continuous functions on I can be approximated uniformly by functions in the 
span of ¥. Then, if {Wn} is a bounded family of Riemann integrable functions such 
that limp, iF ine =a i y, for all g € F, it follows that limp, fi Un f=a i f for 
every Riemann integrable function f on IT. 


Proof By Theorem 1, the Riemann integral coincides with the I-Darboux integral 
on J, so it suffices to prove (38) for functions f that are II-Darboux integrable on 
I. Now, given ¢ > 0, let the step functions u and U be finite linear combinations 
of characteristic functions of subintervals J of J that belong to a partition P of J in 
II, such thatu < f < U and f,U —u) < &. Moreover, since | f(x) — u(x)| < 
U(x) — u(x) throughout J, given ¢ > 0, there is a step function u (based on a 
partition in IT), such that 


eek 


Suppose first that a = 0. Then, given ¢ > 0, pick u that corresponds to ¢/2M 


in (39). Then, 
[tte= [td det [ue 


where the first summand on the right-hand side is bounded by Me/2M = e/2, 
uniformly in n. Now, if u is a step function based on a partition P of J in II, by 
linearity, (37) yields lim, /, 74Wn = 0, and, consequently, the second summand 
does not exceed ¢/2 for all sufficiently large n, and so combining these observations 
| J it Vn| < e for all sufficiently large n, and (38) holds. 

On the other hand, when a ¥ 0, pick u corresponding to ¢/3(M + |a]|) in (39), 


and write 
[time f t= [(F-0 


+(fuvn—aful+(afu-e ff), 


where the first summand on the right-hand side is bounded by Me/3(M+|a|) < ¢/3 
uniformly in n, and the third summand by |a| ¢/3(M + |a|) < ¢/3 independently 
of n. As for the second summan4d, it is estimated as above and does not exceed ¢/3 
for sufficiently large n. Thus, (38) holds, and the proof is finished in this case. 


< fif-use. (39) 
I 
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As for the second statement, given ¢ > 0, let g, G be continuous functions on [ 
such that g(x) < f(x) < G(x) throughout J, and {; (G — g) < ¢/2. Now, since g 
is continuous, there exists ® in the span of ¥ such that |g(x) — ®(x)| < ¢/2,x € T, 
and therefore, 


lf) — ®@)| <If@)—g@)|+le@Q)-P@)| se, xel. 


The argument is now completed by repeating the above proof with ® in place of 
u in (39) and after. oO 


3.1 The Riemann—Lebesgue Lemma 


The Riemann—Lebesgue lemma asserts that the Fourier coefficients of an integrable 
function tend to 0 asn — ow. Picking II as the family of all partitions of J = 
[—z, w] and W(x) = sin(nx), cos(nx), Theorem 13 gives the lemma for Riemann 
integrable functions. 

The results that follow are variations on this theme. There are instances where the 
admissible family is II., [21]. Suppose that {1} is a bounded sequence of Riemann 
integrable functions on J = [0, 1] such that f A Wn = O for all I’ € Py, all n. Then, 


we claim that for each Riemann integrable function f on J, we have lim, f rtVa= 
0. This readily follows from Theorem 13. Indeed, it suffices to verify that (37) holds 
for J = [0, b] with O < b < 1, for if this is the case, since x[a,b] = X[0,b] — X[0,a)> 
it also holds for an arbitrary subinterval of 7. 

Observe that for n with 1/n < b, an interval in P,, is contained in J or is disjoint 
with J, or, at most one, say I ey? straddles J. Then 


ko-1 


fad [wf n= f Wn, 
J kal 2k INN INN 


and, consequently, with M a bound for the {yy}, 


| fv 


This observation applies in the following context. Let {h,} be a uniformly 
bounded sequence of Riemann integrable odd functions defined on [—1, 1], such 
that w(x) = A, (sin(27nx)) is Riemann integrable for all n. Then, by symmetry 
i} i Vn = 0 for all J € P,, and so lim, {7 f Wn = 0 for all integrable functions f. 
A similar conclusion holds for W%(x) = hy (cos(anx)). 


Theorem 13 also gives the following result in the spirit of the Riemann—Lebesgue 
lemma [4, 51, 99]: 


<M|JNI,| < M/n > 0, asin —> oOo. 
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Proposition 12. Let f be a Riemann integrable function defined on I = [a, b], a => 
0, and let yy, gp be defined for x > 0, and Riemann integrable on finite subintervals 
of R. Then: 


(i) [flimy+o(1/x) tro.) w =a, lim, iF fa)w(nx) dx = af; f. 
Gi) Ifw(x + B) = W(X) for some B > Oandallx ER, 


im f reowand=(5] ov) [a 


Gii) If g(x + B) = —¢(x) for some B > Oandallx € R, 


tim f f(x) p(nx) dx = 0. 
Nod 


Proof Note that if Wp(x) = w(nx), {Wn} is a uniformly bounded sequence of 
Riemann integrable functions on J; similarly for g,(x) = g(nx). To prove (i), by 
Theorem 13, it suffices to verify that for all subintervals J C J, 


tim w(nx)dx =a|J|. (40) 
neds 


First let J = [a, c], where a < c < b. Then, 


[ es ; i cs (5; In ¥) " (a = v) 


which by assumption tends to ac —aa = a|J| asn — ov. Next, if J = [c,d] 
is an arbitrary subinterval of J, [; w(nx) dx = Staal w(nx) dx — Siac] w(nx) dx, 
and, consequently, lim, iy Winx) dx = a(d —a)—a(c—a)=a(d—-c)=a|J|, 
(40) holds, and the proof of (i) is finished. 

Now, if y& is periodic, for x > 0, write x = kB + y, where k is an integer and 
0< y < B. Note that k > oo as x > oo, and limyo k/x = 1/8. 

Then, by periodicity, fio ., ¥ = k So.p1 wt Step wv, where with My a bound 
for w, 


1 


1 
- f v| < —B My > 0, as x > ©. 
x SKB, y] x 


Therefore, 


1 1 1 
lim — w= lim —k w+ tim = f v=5f Vv, 
A>OOX Jigx] FFX Sop) POX Step y] B Jto.p) 


and by (i) we are done. 
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As for (iii), note that since g(x + 28) = —g(x + B) = G(x), ¢@ is periodic of 
period 28, with 


/ =| o+ | o=-| v(t pdx + f g 
[0,26] [0,6] [6,26] [0,6] [6.26] 
oe 
[6.26] [6,26] 


and, therefore, (ii) holds in this case with a = 0. This gives (iii) and completes the 
proof. oO 


A particular instance of (ii) above, which includes the Riemann—Lebesgue 
lemma, can be proved directly as follows. Let f, w be Riemann integrable on 
I = [0,1], where y is periodic of period 6 = 1. Observe that with 7’ = 
[(k — 1)/n, k/nl, 


[ feo wens ax = ey f(x) Wnx) dx, 
I k=1 I 
where 
1 
i f(x) Winx) dx = — i f(k— D/n + y/n) wo) dy 
I nJI 
1 
a ‘ (s(& = D/n + y/n) — Fk = D/m)) WO ay 


1 
+f ((k — 1)/n) |; [ vores. 


and, consequently, rearranging and summing, 
[ feo var -(f voray)suPm 
1 I 
1 n 
= / — ¥-(F(&= Din + y/n) = F(K- D/m))WOray. 
k=1 


Now, the right-hand side above can be estimated in various ways, depending on 
the properties of f. When f is Riemann integrable on J, with My a bound for y, it 
is bounded by 


1 n 
My — dose (f, I) > 0, asn— oo, 
k=1 


and, therefore, since lim, S,(f, Py) = ri , J. we conclude that (ii) holds. 
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Also, if f satisfies a Lipschitz condition of order a, then as in (17), osc Cf, Te) < 


Ln-*, and f, f(x) W(nx) dx — ‘¢ v)(I e) = O(n-). Thus, when J, wv =0, 
this coincides with the rate of decay of the Fourier coefficients of functions that 
satisfy a Lipschitz condition of order a. 

If f is continuous on J, it can be estimated by 


My oyf(1/n). 


And, if f is differentiable with f’ Riemann integrable, 


1. a 
f(& — D)/nt+y/n) — f((K-1)/n)) = Pre 


with cy depending on y, and so, 
n 1 n 
Ido (F(& = Din + yin) = F(&= D/M)) = — OPK = D/) 
k=1 k=1 
< 2 Y= ose (f’, If). 
Ht k=1 
Therefore, 


n 


[ feo wen de (fv) sR) — Sur Pe 
I I 
< ~Yose(s", i?) 20, asn— ov, 
k=1 


and the rate of approximation is better than 1/7. 
The results of Proposition 12 also hold for a continuous parameter 2 going to 
infinity in place of the n. In this context, we summarize the above results as follows: 


Proposition 13. Let w be Riemann integrable on every I = [a,b]. Then the 
following are equivalent: 


(i) 
. 1 
lim — w =0. 


Asoo x [0,A] 


(ii) For each Riemann integrable function f on I, 


lim [ Feo vonds =o. 
A>oo J] 
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(iii) For a fixed c € (0, 00), 


lim w(ax) dx = 0. 


A> 00 [0,c] 


Proof (i) implies (ii) follows from Proposition 12. By considering f = x;0,c], we 
see that (ii) implies (iii). As for (iii) implies (i), observe that for each A € (0, 00), 
we have 

1 1 
woxdx == f wW=c— 


[0,c] [0,cA] ch J{0,ca] 


This completes the proof. oO 


An improved version of the theorem actually holds for monotone functions and 
therefore also for functions of bounded variation [102]. In this context, we have: 


Proposition 14 Let I = [a,b] be a closed bounded interval in R, let f, w be 
defined on I such that f is monotone increasing, Ww is continuous, and U(x) = 
W(a)+ Stax w, the antiderivative of & in R, is bounded and integrable on bounded 
intervals. Then 


[ feowosyax = O(1/A). 


Proof Let {I’} be a partition of J in II,. Then, for 4 > 0, by the mean value 
theorem, for each k = 1,2,...,n, there is ac? € J such that 


WAxe) — VAxe 1) =AWAch) (xe —xg_), lk <n. (41) 


Consider then the Riemann sum 


Sr (f WO), Pas C") = YO ACE) WCE) (xe = xe) 


k=1 


with tags C” = {c?}, which, by virtue of (41), can be written as 


1 n 
Stie( FA), Pn C") = =D) SE) (WOACE) — WA ch_y)). 
k=1 
Now, summing by parts, it follows that 


1 
Ste F WO) Pas C") = (Fle) VO) — FCP) ¥O) 
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1 n-1 
aa (f(g) — Fe_p)) ¥ ACh), 
k=1 


where the first summand is O(1//) on account of the assumptions, and the second, 
with My a bound for W, is bounded by 


1 
My (fC) — fO)> = O(1/A), 


and the proof is finished. Oo 


3.2 The Weierstrass Approximation Theorems 


A key ingredient in the proof of the convergence theorem is the fact that the 
linear span of the characteristic functions of the subintervals of 7 contains the 
step functions on J, which approximate the Riemann integrable functions on /. 
The continuous functions on J share this property. The Weierstrass approximation 
theorems give the uniform approximation of continuous functions by algebraic 
and trigonometric polynomials on /, and this in turn allows for the algebraic and 
trigonometric monomials to play the role of the step functions in Theorem 13. 

We will begin by considering the approximation by algebraic polynomials. Of 
the various ways to approach this result, we adopt the probability inspired proof of 
Sergei Bernstein. Given a bounded function f on J = [0,1], for > 1, let the 
Bernstein polynomial B,(f)(x) associated to f, be the polynomial of degree < n, 
given by 


Bn( f(x) = D> fk/n) ({)sta —xy*, x € [0,1]. 
k=0 


Note that in general the Bernstein polynomial B,,(p)(x) of a polynomial p is not 
p(x), e.g., for p(x) = , Bo(p)(x) = x(1+x)/2, and, more generally, By, (p)(x) = 
yo x(1—x)/n. 

Whereas Bernstein’s original proof makes use of basic facts concerning the 
binomial distribution and Chebyshev’s theorem, the proof presented here uses the 
identity 


nx(l1—x)= SY (nx hy (i)sta —xy'"* x [0,1]. (42) 
k=0 
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To see this first, observe that by the binomial formula, for x, y € [0, 1], 


(y+ (l-x))"=>> (‘) yaaa, (43) 


k=0 
and, consequently, setting y = x, it follows that 


n 


l=(x+(l1-»)"=)- (‘) xk — xy, (44) 


k=0 


Now, differentiating with respect to y in (43), setting y = x, and multiplying 
through by x yield 


nx = )~ (i) kek — xy, (45) 
k=0 


And, differentiating (43) with respect to y twice, setting y = x, and multiplying 
through by x? give 


n(n —1)x? = pa (Je =e" =a)". (46) 


k=0 


Finally, multiplying the identity (44) by n?x*, subtracting the identity (45) times 
(2nx — 1), and adding the relation (46) give (42). 
We are now ready to proceed with the proof: 


Approximation by Algebraic Polynomials Let f be a bounded function defined on 
I = [0, 1]. Then, lim, Bn(f)(x) = f(x) at each point of continuity x € I of f. 
Furthermore, if f is continuous on I, the convergence is uniform. 


Proof Let x be a point of continuity of f. Then, given « > 0, there is 5 > 0 such 
that | f(x) — f(y)| < ¢/2 if |x — y| < 6. Now, by (44), we have 


fx) — Bil SO) = > (F@) — F&/n)) ({)xta age, 


k=0 


We divide the sum on the right-hand side above into two parts. Let Kj = {k : 
O0<k <n, and |x—k/n| < 5}, and, Ko = {0,...,}\ K,. Then, by the continuity 
of f at x and (44), 


| ¢@- Fam) (Zsa =a)" 


kek, 
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é€ n E 7 n E 
k n—k k n—-k 
<= x1 -—x <— x“ -—x =. 
= (‘) =a)" es > (;) (1 — x) 
keK k=0 


Furthermore, since for k € K2, (nx — ky? > n*6, with M a bound for finl, 
on account of (42), we have 


| 2 (f@) = Fa/n)) (j)sta = xy" 


keK2 
(nx —k)* n\ , _k 
<2M cera k X (1—x)" 
ke Ky 


Ps 2M a ‘eZ M 2 € 
nx x ; 
~ n2§2 ~ 2n62 ~ 2 


provided that n > no, where ng is an integer > M /ed?. 
Thus, combining the above estimates, it follows that | f(x) — Bn(f)(x)| < ¢, for 
all n > no, and the convergence at a point x of continuity of f has been established. 
Finally, if f is continuous on /, it is uniformly continuous there, and given € > 0, 
there is 6 > O such that | f(y) — f(z)| < ¢/2 if |y—z| < 4,i.e., the same 6 works for 
all the points in 7. Hence, the same no works for all x € J, and the proof is finished. 
| 


Note that if the approximation theorem holds for functions defined on [0, 1], it 
also holds for functions defined on an arbitrary interval [a, b], and conversely. Since 
the proof of both assertions is similar, we only do the first. Given a continuous 
function f defined on [a, b], the function g(x) = f(a + (b — a)x) is a continuous 
function on [0, 1] such that maxo<;<) |g(x)| = maxg<;<p | f (t)|. Then, given e > 0, 
let p be a polynomial such that 


max |g(x)— p(x)| Se, or, max|f{a+ (b—a)x)— p(x)| Se. 
XE xe 


Finally, since p(x) is a polynomial in x, g(t) = p((t—a)/(b—a)) is a polynomial 
in f that satisfies 


max lf) - q(t)| <6, 
a<t<b 


as we wanted to show. 

As for arbitrary Riemann integrable functions f on 7, we can say something 
about the limits of oscillation of {B,(f)(x)}, the lim, J, 7 Bn, and functions with 
vanishing moments. 

Given ¢ > 0, let g, G be continuous functions such that g(x) < f(x) < G(x) 
throughout J and /f, 1 (G a g) < e. By the monotonicity property of the Bernstein 
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polynomials, B,(g)(x) < Bn(f)(x) < By(G)(x) throughout J, and, consequently, 


lim sup By (f)(x) — liminf By(f)(x) < Gx) — g(x), xe. 


This statement implicitly states the fact that lim, B,(f)(x) = f(x) at the points 
x of continuity of f because at those points we may chose g, G with g(x) = G(x). 
Hence, by Proposition 2, B,(f)(x) converges pointwise to f(x) at infinitely many 
points of 7, but not uniformly. Yet we may take a limit. Indeed, since 


1 
[ G)sa-2 =. = OTD os 
iT k n+1 


it readily follows that 


1 n 
/ By( f(x) dx = —— D F(k/n) 


is a Riemann sum of f, and, consequently, 


lim f BNerdx = fF 
n I T 


We can also identify those Riemann integrable functions f on an interval J = 
[a, b] with vanishing moments of all orders there, i.e., 


[ feox"ax =o, n=0,1,2,... 
I 


Note that for such a function f, by linearity, we have 1 Jf p = O for any 
polynomial p, and so, if h is a continuous function on /, it follows that /, pfhe= 
iP f (h = p). Then, given e > 0, pick p so that |h(x) — p(x)| < e throughout J, 


and so | iF fh| <e {,\f|, which implies that [, fh = 0. Now, with g, G as above 
and My abound for f, we have 


[P= [rr-osmy [e-nem [G-» <M. 


And so, f 1 f? = 0. It then readily follows that f(x) = 0 at each point x of 
continuity of f, and so, when f is continuous on J, we have that f*, and hence, 
f vanishes on J. On the other hand, xc, the characteristic function of the Cantor 
set C, satisfies tro rc = 0, so nothing else can be said about arbitrary integrable 
functions. 

We will discuss next the approximation by trigonometric polynomials. Tradi- 
tionally, one works in the interval [—7, zr], but the results can be transferred to any 
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interval [a, b], [77]. By a trigonometric polynomial ty (x) of degree N on [—z, 7], 
we mean an expression of the form 


N 
inG@y= s + Yoaxcos(kx) + by sin(kx), x € [-1, 7]. 
k=1 


It turns out that trigonometric polynomials approximate continuous periodic 
functions uniformly on [—7, zr] iff algebraic polynomials do so [77]. Nevertheless, 
since the original proof of this result by the septuagenarian Weierstrass involves the 
important notion of approximate identity, we prefer to prove it directly. An efficient 
approach is via the polynomials introduced by the nineteen years old Leopold Fejér, 
but some of their properties are not apparent at first sight without some knowledge 
of Fourier series. This is a spot where a proof for a mathematician in a hurry, as J. 
E. Littlewood used to say, is called for. So, in this setting, we have: 


Proposition 15 For i. > 0, consider the expression F (x, A) defined on [—1, 1] by 


1 — cos(Ax) 


ee 1 —cos(x) © 


Then, F(x,n) is a trigonometric polynomial, for all integers n = 1,2,... 
Furthermore, if for positive real numbers a, i, with a < 3, we let 


1 


Tun = == 
. a3 [-z, 


|x|“F(x, A)? dx, loa=h, 
al 


there are positive constants c,C independent of X such that c < I, < C, anda 


constant Cy = O(1/B — a)) independent of A, such that Iq. < Cyd. 


Proof The first assertion is readily verified by induction when the degree of the 
polynomial is equal to 2"; this often suffices for applications. Indeed, since 


1 —cos(2x) = 2 sin (x) = 2(1 — cos(x))(1 + cos(x)), 


it follows that F(x, 2) = 2(1 + cos(x)) is a trigonometric polynomial when A = 2k 
with k = 1. And, for k > 1, 
1 — cos(2* 
F(x, 25) = _1 = cos(2'x) | F(x, 2*-}), 
1 — cos(2*-!x) 


where the first factor is the trigonometric polynomial 2 (1 +cos(2*~!x)), and by the 
inductive assumption, the second factor is also a trigonometric polynomial. Since 
the product of trigonometric polynomials is again a trigonometric polynomial, the 
proof is complete in this particular case. 
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To verify directly that F(x,n) is a trigonometric polynomial for all positive 
integers n, note that telescoping, 


n—-1 


1 — cos(nx) = ys (cos(kx) — cos((k + 1)x)). 


k=0 
Now, the summand corresponding to k = 0 is equal to 1 — cos(x), and for k = 
1,...,n — 1, we have 
cos(kx) — cos((k + 1)x) 


k 
= (1 —cos(x)) — > (cos((j — 1)x) — 2cos(jx) + cos((j + 1)x)), 
j= 


where each summand is equal to 
(cos((j — 1)x) + cos((j + 1)x)) — 2cos(jx) 
= 2cos(jx) cos(x) — 2cos(jx) = 2 cos(j.x)( cos(x) _ i); 
Hence, 


n—-1 k 


1 — cos(nx) = (1 — cos(x)) (1 +) 2cos(jx)), 


k=0 j=l 
n—-1 
= (1 — cos(x)) (n +) \2@- j) cos(jx)), 


j=l 


and F(x, n) is a trigonometric polynomial of degree (n — 1), [49]. 
Next observe that since 


1 1 
1—cos(Ax) = ; sin?(Ax/2), and, 1—cos(x) = ; sin? (x/2), 
we have 


h 


2 sin* (Ax /2) 
= 33 4 dx 
A? Jfo,7] sin" (x/2) 


Let n > 0 be such that 


sin(x) 
1/2 < —<l, 0<x<vy. (47) 
x 
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Then, since 7/4 < 7, it follows that 


4 
sin” (Ax /2) 
h= 3 a eee 
[0,n/a] sin’ (x/2) 


Now, for x in the domain of integration above, we have Ax/2 < (7/A)(A/2) 
= n/2 < n, and so from (47), it follows that 


1 
sin (Ax/2) > ges, 


which, together with the estimate 1/ sin*+(x/2) > 2+/x*, gives the lower bound 


ee z la 42 d : i / d : 
a x x= x= 
a3 Sion 4* x4 23 Sto.n/a] 23 


As for the upper bound, the change of variables Ax /2 = u gives 


4 sin* 
Tun = a+ has / um = 
Aree [0,7a/2]  sin*(u/A) 


Since in the integral u/A < 2/2, and since sin(x)/x is decreasing for0 < x < 
w/2, we have 
1 gl 


sin(u/2d) “ 
sint(u/A) — 24° ut? 


(u/X) 


and so, 


’ 


2 
S = 
~ IT 


it readily follows that 


beens 4 _ sin’ (u) 
wh Tate” 5a . A 
[0,74/2] 


4 4 
= ae ao u% ia A du+ / u® = a du). 
[0,1] u [1.7/2] 7 


Therefore, since the first integral above is < 1/(1 + q@), and 


», sin’ (u) a | 
u Z du < Uu —{ du <1/G-a), alllarge A, 
[1,74/2] u [l,2a/2] U 


we obtain the upper bound C for J, and the upper bound CyA~% for Jy,,, where for 
a>0,Cy= m42°-2(1/(1 +a)+1/6- a)), and the proof is complete. oO 


Concerning the expression i f(x — y) F(y,n)? dy for n integer, where J = 
[—2, 1], since both factors in the (convolution) integral are periodic functions of 
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period 277, its value is unchanged if the interval of integration is replaced by any 
other interval of length 27r, and, in particular, by a change of variables, it is equal to 
iF f(y) F(x — y,n)? dy. Now, F(x — y,n) is a trigonometric polynomial of order 
(n—1) in (x—y), and therefore, F(x—y, n) isa trigonometric polynomial of order 
2(n — 1) that can be expressed as a trigonometric sum of the same order in x, with 
coefficients that are trigonometric functions in y, and so f- pfa-y)FO, n)* dy 
is a trigonometric polynomial of order at most 2(m — 1) in x with coefficients that 
depend on f. 
With this observation out of the way, we have: 


Approximation by Trigonometric Polynomials Let f be a periodic Riemann inte- 
grable function defined on I = [—1, 1], and let c,, be such that c, i Kh=t. 


(i) At each point of continuity x € I of f, we have 


Jim ox fF = 9) FQ, 4) dy = FO), 


and if f is continuous, the convergence is uniform on I. Moreover, there is a 
sequence of trigonometric polynomials that converges uniformly to f. 
(ii) If f is Lipschitz of order a on I with constant L, 0 < a < 1, we have 


[roa f foe FO.w dy] = O47". 


In particular, given an integer n, there are a trigonometric polynomial tn of 
degree n and a constant C independent of f, such that 


If) —m@|<CL—o, xel. 
n 


(iii) If f is a continuous periodic function on I with modulus of continuity o f, 
given an integer n, there is a trigonometric polynomial t, of degree n on I 
such that, for all real values of x, 


| f (&) — tn(x)| = O(wf Qx/n)). 


Proof By Proposition 15, we may pick c, ~ cA~3 such that c, Si F(y, A)? dy = 1, 
and for this value of c,, we have 


Omen i fG=N FOLD Gy =o ) (F@) — fe —y)) Fy, a)? ay. 
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Now, if x € I is a point of continuity of f, given ¢ > 0, let 6 > 0 be such that 
| f(x) — f(x — y)| < € provided that |y| < 5. Then, 


jon | (Fo) - Fe —»)) FO. ay| 


25; ; fo wray aa f LfG) = F@ =y)| FO, 2)? ay. 
ys 


d<|y|<m 


The first summand above is estimated by 


ec | Fo. wdy see, [ F(y,AP dy =e. 
|y|<d 


lyl<x 
As for the second summand, with M = sup | f|, since 


4 


F(y, a)? < ————, 
(1 — cos(8))* 


0<d5<|x|<7z, 


it does not exceed 


16Mx 


of If) — Ff —y)| FO, MP2 ay <G, — 
S<|y|<x (1 — cos(6)) 

which tends to 0 as A — oo on account of the fact that c, < C ie with C 
independent of A. 

Since continuous functions on J are uniformly continuous there, the statement 
about the uniform convergence follows since for these functions 6 is independent of 
€. By picking a sequence {¢,,} that decreases to 0 and the corresponding A, = Ny 
above sufficiently large integers (or 1 = 2 to make things simpler), we get a 
sequence of trigonometric polynomials that converge uniformly to f on J, and (i) 
holds. 

Next, when f is Lipschitz of order a < 1, by Proposition 15, the constant Cy = 
C is independent of a, and we have 


ror-a. f fa — FO. wP as] 
so, [ |fG)- Fo -y»] FOWay 


< aL f ly PQ. AypdyseL ig =CLA*, 
I 
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which, when A = m and ty) (x) = Cm ti fQy) Fa -y, )? dy, becomes 
| f(x) — tm(x)| < CLm™, xel, 


where ¢,, is a trigonometric polynomial of degree 2(m — 1). Then, given an arbitrary 
integer n, we take m above to be equal to (n/2) + 1 when n is even and (n + 1)/2 
when n is odd, and then the polynomial defined above is of order < n and the 
right-hand side O(1/n“). This proves (ii). 

To verify (iii), given n, let P, be the partition of [—z, 2] in Te consisting of 
n equal length subintervals, and let g be the continuous piecewise linear function 
of period 27 that assumes the same values as f at the endpoints of the intervals 
in f,, and is linear between these points. The graph of g is a broken line, no 
segment of which has a slope greater than w f (27 / n) / (27 / n) in absolute value, and, 
consequently, g(x) satisfies the assumptions of (ii) with L = wf (27 / n)/ (27 / n). 
Hence, given an integer n, there is a trigonometric polynomial ¢,(x) of order n such 
that 


1 
|gx) — t(x)| < C(n/2x)eo¢ (277/n) = (C/2) ws (20/n). 

Now, if x € I, x differs by less than 277/n from one of the numbers in J for 
which g is defined to be equal to /; let t, be such a number. Then | f(x) — g(x)| < 
If@) — ft) + IF Ge) — g(t) + let) — 8@)| < 2@F¢(22/n) for all x, and, 
consequently, 


If) = ta@)| SIF @) — 8@)| + 18@) — tr) S ((C/2m) + 2) wf (2x1/n), 


which is the desired estimate. Moreover, since f is uniformly continuous on 
I, lim, wf(22/n) = 0, and a refined version of the Weierstrass theorem for 
approximation by trigonometric polynomials has been established. Thus the proof 
is finished. Oo 


Chapter 4 m®) 
The Modified I1-Riemann Sums Cheek for 


In this chapter, we introduce the modified II-Riemann sums, which allow for the 
consideration of sets other than intervals in the partitions under consideration. 
Some of the applications covered include y-asymptotically distributed sequences, 
uniformly distributed sequences, and extensions of recent results on deleting items 
and disturbing mesh in the Riemann integral [61]. 

We will introduce now the modified Riemann sums [100] in the context of 
admissible partitions. Let IT be an admissible family of partitions of J, and let ® 
be a set mapping defined on the subintervals J of J that belong to some partition 
in II. We assume that ® assigns to each such J a subset J! = ®(J) C I with the 
following two properties: 


(i) Xo,J) is Riemann integrable, and so, the length | J ‘| of J! is well-defined as 
|J'| =Oif J! = 9, and |J"| = |®(J)| = f, xo), otherwise. 
(ii) There exists 7 > 0 such that J' = ®(J) C J, whenever |J| < 7. 


An observation before we proceed. Recall that E C J is Jordan measurable with 
Jordan measure m(E) iff xz is Riemann integrable and m(E) = Pe 1 XE- Thus, (i) 
could be restated as requiring that ®(J) be Jordan measurable and setting |®(J)| = 
m(®(J)). 

Given a partition P = {l,...,Zm} of J in TI, we will denote with P! the 
collection of subsets of J consisting of fy = O(Jj),..., = ®(/,), say, and 
set 


m m 


un(fP')= >) (sup f) el, and Inf P') = Do (int f) Ife 


j=1 i k=1 Ik 


© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 715 
A. Torchinsky, A Modern View of the Riemann Integral, 
Lecture Notes in Mathematics 2309, https://doi.org/10.1007/978-3-03 1-11799-2_4 


76 4 The Modified II-Riemann Sums 


We call these expressions the modified upper and lower I1-Riemann sums of f on I 
along P, respectively, and set 


un(f) = inf un(f,?'), and In(f) = sup In(f,?'). 
Pell Pen 


We then say that the modified 11-Riemann sums of f on I converge if 


un(f) =/n(f). (48) 


Clearly in this case, the (arbitrary) modified 11-Riemann sums of f on I given by 


m 
smfAPC)= > f(pikl eek, Pet, (49) 
k=1 


which lie between /y (f, Pp!) andun(f, Pp} ), will also converge to the common limit 
above in a sense that will be made precise in Theorem 14. 

Also, since (48) holds for the constant function x;, with P = {l,..., Im}, it 
follows that 


m m 
inf S° || = sup SLI. (50) 
Pell (a Pen pa] 


Our next result describes the behaviour of the modified II]-Riemann sums of a 
IJ-Riemann integrable function f on /. 


Theorem 14 Let © be a set mapping that satisfies (i), (ii), and (50) above, and let 
f be a M1-Riemann integrable function on I. Then, the modified T1-Riemann sums 
of f on I converge. Moreover, there is a sequence {Py} of partitions of I in T1 such 
that 


lim (un(f, Pn) — Inf, Pn) = 0, (51) 
and, for any sequence {P,} of partitions of I in M1 that satisfies (5), we have 


un(f) = limun(f, Pq) = limIn(f, Py) = In(f). 


Furthermore, the arbitrary modified T1-Riemann sums sy(f, Pp}, C) of f on T, 
defined by (49) above, also converge to uy (f) = Iq (/). 


Proof On account of (5), given ¢ > 0, pick a partition of J in I] consisting of 
intervals [;,..., [j,, such that |J,| < |I|/n <n for 1 <k <m, and 


Un(f, P) _ Ln, FP) <6. 
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Then, since |Jx| < 7, by (ii) above, i, = O() C J; for all k, and it follows that 


(sup f) |Ze| — (inf f) [Z| < (sup f —inf f) (kl, 1k <m. 
ies I Ti tk 


k 


Thus summing over k, we have 
un(f.P') —In(f.P') < Un(f.P) — Ln f.P) <8. (52) 
and since un(f) < un(f, P!) and In(f, P!) < In(f), (52) yields 
un(f) —In(f) < un(f,P') — nf P) <¢, 

which, since ¢ is arbitrary, gives the convergence of the modified II1-Riemann sums 
of f on J. 

Next, since f is I-Riemann integrable on J, there is a sequence {P,} of 
partitions of J in [ that satisfies (5). Pick N so that |J|/N < n, and note that for 


each Ip € Py, withn > N, we have |J¢| < 1 and so ®(J¢) C Ig, and, consequently, 
as in (52) above, it follows that 


un(f,Pn) — inf. Py) < Unf, Pn) — Lif, Pn), alln = N, (53) 
and since the right-hand side of (53) tends to 0, so does the left-hand side, and (51) 
holds. 
Furthermore, since In(f,P?!) < In(f) < un(f) < un(f,P}) for all n, it 
follows that 


0 < max{un(f,P}) —un(f), Inf) — Inf PD} < un PL) — Inf PD, 


and since the right-hand side above tends to 0, so does the left-hand side, and 
therefore, 


limun(f, Pp) = un(f), and, limIn(f, Pp) = In(f). 
Also, 


limin(f, P,) = limun(f. Pn) — lim (Unf, Pn) — Inf, Pp) = wif) = In(f)- 


Finally, since for an arbitrary modified Riemann sum sy(f, Pp}, C!) of f, we 
have In(f,?}) < sn(f,P!) < un(f, P)), it follows that 


lim sri(f. Pas C') = uni(f), (54) 


and we have finished. oO 
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In the applications that follow, we will often consider the admissible family 
to be II¢, the family of all partitions of 7 consisting of n intervals of equal length, 
all n. 

We examine first an instance where |®(J)| is a function of |J/|, linear for the 
example that motivated our results [64], but not necessarily in general. 

We then have: 


Example I With {B,} a sequence of nonnegative numbers such that 0 < B, < 1/n, 

for all n, let the mapping ® be defined on the subintervals of IT, as follows: If 

P, = {10}, then for 1 < k <n, O(17) = I! Cc IP, where Xpcmty 18 Riemann 
k 


integrable, and | = Bn. 


Note that for the constant function x;, with P = {J is as in (50), we have 


n 
un. (Xi) = _inf So Bn = a nBn 
ell, 


ele p= 


n 
= sup nB, = sup Br = In. (x1); 


Pen, PeMe k=1 


and, therefore, we assume that lim, nf, = 7 exists. 
Then it follows that 


sn. (f,PnC') = > fc l@UD| 


k=1 
” lod? )| _, 

=O fe) MEL = MB Suef Pas C1, 
k=1 k 


where lim, 1B, = 7, and lim, Sp, (f, Pn, c!) = i f. Thus, if f is Te-Riemann 
integrable on J, by (54), it follows that 


un. (f) = limsn, (f, Pp C!) = nf f 


We may think of the 6, as the image of a nonnegative function ¢ defined in a 
neighbourhood of the origin so that on the set {1/n : n € N} satisfiesn 6(1/n) < 1, 
(0) = 0, and such that lim, n @(1/n) = n, exists. Then lim, n ¢(1/n) corresponds 
to ¢). (0), the right-hand derivative of @ at the origin [100]. The choice @(t) = t/2 
corresponds to the instance discussed in [64]. 

We will next discuss an instance where the mapping ® depends on the location 
of the intervals and not on their measure. 
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Example 2 Let {ax} be a double sequence of nonnegative real numbers defined 
for 1 < k < nand1 <n < o, such that O < ax, < 1 for all k, and let the 
mapping ® be defined on the subintervals of the family le = {P,} as follows: If 
Pn = {I}, then forl < k <n, OU) = re Cc I, where Xprk is Riemann 


integrable, and | = Abn UE] if en AO, and O77’) = G if ag yn = 0. 
First, as in (50), it follows that 
inf — kn = sup — Ok.ns 
Pen. ” = ~ Pen. = 


and therefore, the limit 
1 n 
lim — Yo okn =a (55) 
k=1 


exists. It becomes quickly apparent that (55) does not suffice in this case, so we 
additionally assume that for some n > 0, provided that m/n > n > 0, 


m 
mies m 2 i amas (99) 
k=1 
We then have: 


Proposition 16 Let I be a finite closed interval of R, and let the double sequence 
{ax.n} satisfy (56). Then, if ® is defined as in Example 2, for a Ye-Riemann 
integrable function f on I, we have 


m,(A=e ff (57) 
Proof We begin by proving that if for partitions P, = {1/'} of J in Iz, we let 
n 
Wnlx) = Do on xin (x), (58) 


then, for an interval J Cc J, 


tim Vn = tim fn =a|J|. (59) 
n Jy n Jy 
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As in the proof of Proposition 12, it suffices to verify (59) for J = [a,d] CIT = 
[a, b], with d < b. Fix n, and pick m < n such that 


m/n < (d—a) <(m+1)/n. (60) 
Note that (60) implies that 
m/n = (d—a)—1/n, 


and, in particular, m — oo asn — oo. Moreover, since for n large enough (d—a) — 
1/n > (d — a)/2, we pick n = (d — a)/2 and restrict ourselves to m,n sufficiently 
large so that m/n > 7. 

Then, by (58) and (60), we have 


n 
, Vn = Yan f dx 
J k=1 JOT 


m 


n 
= Sain f dx + > kn dx 
k=1 JOM 


k=m+1 ION 


= s)(n) + s(n), 


say. Since (d — a) < (m+ 1)/n, at most one summand in s2(7) is not 0, and 
s2(n) = O(1/n). As for 51 (1), by (60), we have 


m 1 m 1 m 
tg 2 Oe gD 


1 m 1 m 
< 51) = — Yen < (d-a)— Yon 
k=1 k=1 


and, therefore, taking the limit as n,m — ov, by (60), it follows that 
(d —a)a < lims,(n) < (d—a)a, 
n 


and, therefore, (59) holds in this case. Then, as in the proof of Proposition 12, the 
same is true for an arbitrary interval J = [c,d] C I. 

Next, observe that with yy, as in (58), {wW,} is a uniformly bounded sequence of 
Riemann integrable functions on 7, and for a Riemann integrable function f, and 
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Pn = {I} in Te, 


[r= Dow f f= Denn f EAC 


= Dreun fi f= Fe) + Deka ep Ih = Ai(n) + Ao(n), 
say. Now, since 


n n 
|Ai(n)| < Sax nose (f, 2) UZ) < Do ose (f, UE 


k=1 k=1 


by (6), lim, A,(1) = 0. 
Moreover, since A2(n) = sr, (f, p c}), by (54), it readily follows that 


UTI, (f) = lim sri, Cf, Pac 
Nec f eee 
n n I r 


(57) holds, and the proof is finished. oO 


The results concerning the deleting item theorem and disturbing mesh theorems 
in [61] follow from Proposition 16. A word about the latter, which is proved for 
nonnegative functions in [61]. With the notation in that paper, let {d,,;} be a double 
sequence of nonnegative real numbers, and for partitions P;, = {I i ..., 27} of J in 
Tle, let @(1;') be defined as follows: Put ®(//’) = 7 Cc IP, with Xo) Riemann 
integrable, and 


|7| n 


el) = = |, L<k<nn=1,2,... 
n+dnx n+ dn.k 


Then, by Proposition 16 with a; , =n/(n + dy) there, provided that 


te n 
lim — =a <l, 
eg eee = 


it follows that wn,(f) = lim, sn, Cf, Fi C!h=a iF f. For instance, if dy. = 
O(n”) for 0 < p < 1, this holds witha = 1. 
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As for the deleting item theorem, we consider the following setting. Let K and 
L be fixed integers independent of n, and let ag, =O for! <k < K andn-—L< 
k <n, and ax,, = 1 otherwise. Then (56) holds with a = 1 there, and consequently, 
inf) = J, , J. It is clear that variants of this result hold by considering different 
subsets Jx C N of indices where the a; , = 0. 

Furthermore, the idea of the proof can be adapted to the following setting, with 
its many interesting applications [89]. Let 7 = [a, b] be a bounded interval in R, 


and let {xj} be a collection of points in J such that a = xj < x} <...< 2x7 =b, 
1<k <n,alln. Let J’ = [xf_,,x¢], 1 < k < n, and consider the partitions 
Pn = {J} of I, where we assume that lim, ||P,|| = 0. Suppose further that y 


is Riemann integrable on J, and let K and L be fixed integers independent of n. 
We say that {x7} is yr-asymptotically equidistributed on I, if for all k such that 
0<K <k<n-L, 


oe (xe)(xe41 — xg) = —+—, lEnkl S En, (61) 


with €, independent of k, and lim, ¢, = 0. 
Now, by a simple variant of the deleting item theorem, from (61), it follows that 
i w = |/|, and so we assume that 


1 
afeas (62) 


which also follows by setting f = x, in (63) below. 
We then have: 


Theorem 15 Let {x} be w-asymptotically equidistributed on I, where yw satis- 
fies (58). Then, for a Riemann integrable f on I, we have 


le ny | 
in LID = FF / fv. (63) 


Proof From (61), we get 


n—(L—1) 


ee it 
BUFO = PON + Yo fODVOD | 
k=1 k=1 


k=K+1 


1 n : 
aera | = Ekn T Pa f(xy); 


k=K+1 k=n—L 
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and, therefore, with My a bound for f, 


1 n n—L 
eta, es 7 FOR WOR) le 
Me ea l,2 K+1 
1 11 1 
< —MyK + —— eq, (n—(K+L)) +—MGL, (64) 
n |[I|n n 


where the right-hand side goes to 0 asn — oo. 
Now, the expression in the sum is essentially that in the deleting item theorem 
and, with M,,, a bound for wy, is bounded accordingly, 


|= 3 FOP WOR) IE] — >> FOP WOR) [Fe 
le = K+1 
1 
<7 MyM y\|Pn || K + 7 Fae aa nll L, (65) 
where, since lim, ||P, || = 0, the right-hand side goes to 0 as n > oo. 


Whence, combining (64) and (65), we have 
: 1 “ n 1 “ n n n 
lim sup | — > fx) - Lf eva Wel 
Z k=1 k=1 


and, consequently, since the subtrahend in the above expression converges to 
(/|I) {7 £, it follows that 


1 
lim — 7 Lsed = lim Sif Pu Ola [rw 


(63) holds, and we have finished. oO 


We consider next the case when the double sequence ax, = ax is independent 
of the level n, which includes the extension of the patterns alluded to above. 
Specifically, we have: 


Example 3 Let {ax} be a sequence of nonnegative real numbers such that 0 < a, < 

1 for all k, and let the mapping ® be defined on the subintervals of the family 

Tle = {Pn} as follows: If Py = {1}, then OCU?) = ‘ag Cc I, where Xjri is 
k 


Riemann integrable, and ae = ag [I | if ax, A 0, and (1?) = GB if a, = 0, for 
1<k<n,n=1,2,... 
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In this case, the assumption is that 
1 n 
lim — a, =a 66 
im = 2 k (66) 


exists. Then, the analogous result to Proposition 11 holds with similar, yet simpler, 
proof, and by (54), we have 


n 
— ij 1 1, _ 1: n,l n,l 
un, (f) = limsn,(f, 2h, C!) = lim > FcR) ie 


= lim) ox coun lid =a ff (67) 
k=1 
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We will now consider the notion of the distribution of a sequence. Let J = [0, 1]. 
We may think of a real sequence {xx} as being contained in J by replacing when 
necessary x; by its fractional part x, — [xx], where [x,] denotes the greatest integer 
less than or equal to x,. We then say that a sequence {xx} C JI is uniformly 
distributed mod | (often abbreviated u.d. mod 1, or plainly u.d.) if for allO < a < 
b <1, 


edhe 
lim — » Xta,b| (Xk) = b— a. (68) 
=! 


Informally, {x,} is u.d. if for any subinterval J of J, the frequency with which the 
fractional parts of the x; lie in J is equal to | /|. This in particular implies that a u.d. 
sequence {xx} is dense in /, for if not there are x € J and an open interval J C I 
containing x that contains only finitely many of the x;, thus violating the frequency 
property. 

U.d. sequences are characterized as follows, see [56] and Theorem 34 below: 
{xx} is uniformly distributed on / iff for all Riemann integrable functions ¢ defined 
on I, 


1 n 
lim rot) = f @. (69) 
k=1 


In this case, the Riemann integral is more adequate than the Lebesgue integral 
since (69) does not necessarily hold for Lebesgue integrable functions. Take, e.g., 
yg = xs, where S = {xx}; then, the left-hand side of (69) is equal to 1, whereas, 
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the right-hand side, since S is countable and the Lebesgue integral of ¢ is then 0, is 
equal to 0. 

Now, by linearity, (68) holds for the linear span of the characteristic functions of 
the subintervals of 7, which contains the step functions on J and approximates the 
Riemann integrable functions there. Thus, it is expected that (69) will be true. Since 
also continuous functions approximate integrable functions on J, by the Weierstrass 
theorems, the following result is natural: 


Theorem 16 The following are equivalent: 


(i) The sequence {xx} is uniformly distributed mod 1. 
(ii) If f is a continuous function on TI, 


1 N 
in Da OW =f + 


(iii) Foralln =0,1,2,..., 


in dat= — — 


Proof (i) implies (11). It follows from (68) along the lines of Theorem 34. 

(ii) implies (iii). It follows by applying (ii) to the continuous functions f(x) = 
x",n=0,1,2,... 

(iii) implies (ii). By linearity, it readily follows that 


N 
li = 
in D(a) [s 


for all algebraic polynomials g on J. 

We claim the same is true for continuous functions f defined on 7. Given ¢ > 
0, by the Weierstrass theorem, pick an algebraic polynomial g such that | f(x) — 
g(x)| < ¢ throughout /, and so that i | f — g| < € as well. It then follows that 


1 n 1 n 1 n 
= and ae es eer 
ets De) < po = pore 


and, therefore, since g is an algebraic polynomial, 


1 n 1 n 
-e+f 2 < liminf — )° f (xg) < limsup — D> fx) < [ete 
ie = re = a 
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Hence, 
1 n 1 n 
lim sup — — liminf — < 2e, 
SUD = » Ff (xg) — liminf — » fx) S 


and the limit exists. 
Moreover, since also {, f —¢ < J, g < J, f +6, it follows that 


1 n 
[r-esfestim =D roptes ferrs [+3 
I I ee I I 


and 


[fim Den) s36 


which gives (ii). 

(ii) implies (i). Consider an interval [a, b] C [0, 1]. Since [a, b] = [0, b] \ [0, a), 
and since the proof for [0, b] and [0, b) is identical, it suffices to consider [0, b] 
with b < 1, since (68) is trivial when b = 1. We claim that, given 0 < ¢ < 
min (d, (1 —b)/ 2). we can find continuous functions g, G on J such that 


8(X) S xfo,n)%) S G(x), x et, and, KG =o) 22 
I 


This fact can be verified graphically, or otherwise, as follows. Given 0 < ¢ < 
1 — b, define g(x) = 1if0 < x < b—e, linear between (b — e, 1) and (b, 0), 
and = 0 for x € [b, 1], and let G(x) be defined to be = 1 for 0 < x < b, linear 
between (b, 1) and (b + €, 0), and = 0 for x € [b + ¢, 1]. These functions satisfy 
the conditions listed above. 

We then have 


neg le alc 
fs = ie > g(x) < cae ‘> X[0,b] (Xk) 
k=1 k=1 
be ie 
< lim sup — ) x10,5) (x) < lim sup — }° G(x) = / G, 
rs =| re =| I 


and so 


ieee ihe 
lim sup — — lim inf — < | G- <6, 
: e- 2 xii) _ 2 nisi) < i fs < 
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which implies that the limit exists and that 


1 n 
< lim — < G. 
fs = hm 2 rio) <| 


Combining this observation with the fact that [, g < J; xto,o) < J; G. we get 


1 n 
7 + = < 
lim z » X{0,b] Xk) / xo.0) <6, 


which proves the claim. Thus (68) holds, and the proof is finished. oO 
We also have: 
Weyl’s Criterion The following are equivalent: 


(i) The sequence {xx} is uniformly distributed mod 1. 
(ii) If f is a continuous function on I with f (0) = f (1), we have 


1 n 
lim= > rox) = fF 
wpe) I 


(iii) For each nonzero integer h, we have 


N N 
1 1 
Be NW De cos(27hxz) = ae N d sin(27hxz) = 0. 


Proof (i) implies (ii). Follows from (69) for the particular class of functions 
described. 

(ii) implies (iii). Apply (ii) to f (x) = cos(27hx,), sin(2ahx;), which is verified 
since {, cos(2hx) dx = f, sin(2ahx) dx = 0 for all integers h 0. 

(iii) implies (ii). Assume first that ,J/ = 0. In this case, the polynomials 
guaranteed by the Weierstrass theorem may be assumed to be of the form p,(x) = 
i ay cos(27kx) + by sin(27kx). Now, if (ii1) holds, then 


l N 
lin yy 2 8G) = 0. 


for any such trigonometric polynomials. Then, given ¢ > 0, there is a trigonometric 
polynomial g such that | f(x) — g(x)| < ¢/3 throughout J and i |f —g| <¢/3. 
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Now, 
i oa 
J t-wdten|s fir-ol+| fe—y Deco) 


’ 


i 1 
+ |p ueGw ~ y LSew 


where the first and third terms on the right-hand side are each less than ¢/3 whatever 
the value of N because of the choice of g. Since f- 1 & = 0, by taking N sufficiently 
large, the second term on the right-hand side is less than ¢/3 by the assumption (111). 
Thus, the whole sum does not exceed ¢, and the proof is complete in this case. To 
complete the proof in the general case, observe that the conclusion holds trivially 
for the function x; and apply the result we just proved to the function f — (/; 1 J) Xp 
which has integral 0. 

(ii) implies (i). It suffices to prove (68) for x,o,4) where 0 < b < 1. We claim 
that, given e > 0, we can find continuous functions g, G (with g(0) = g(1), G(O) = 
G(1)) such that 


Mien. xer, ana / Caren 
E 


This fact can be verified graphically, or otherwise as follows. For 7 > 0 
sufficiently small, define g(x) = Oif x € [0, 7], linear between (7, 0) and (2n, 1), 
= | for x € (2n, b—n), linear between (b — n, 1) and (b, 0), and = 0 for x € [b, 1]. 
As for G(x), itis = 1 forO < x < J, linear between (b, 1) and (6b + n, 0), 
= 0 forx € (b+ y,1— 7), and linear between (1 — n, 0) and (1, 1). Hence, 
i} 1(G — g) = 4n < « provided that 7 = ¢/4. The proof is now completed exactly 
as the proof of (ii) implies (i) of the previous theorem. Thus (68) holds and the 
sequence is u.d. mod 1. oO 


We consider the sequence {ka}, k = 1,2,..., where @ is irrational. Then for 
integers h # 0, by the Lagrange identities, we have 


1 ( 1 
N 2 sin(aha) 


l N 
yD 20s (2arhak) = (sinGrha) — sin ((2N + l)rha))), 
k=1 


and, consequently, since sin(zha) # 0, 


; ie 1 1 
lim sup | — > cos(2arhatk)| < lim sup — ————— _ = 
N N = nN |sin(tha)| 
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Similarly, since 


N 
2 sin(2z hak) = thom oO ™ — cos ((2N + 1)a@)), 
N 
lim sup | > sinQrhak)| < < lim WD : a 
vn IN N |sin(tha)| 


k=1 


Thus (ii) of the Weyl’s criterion holds, and {ka} is u.d. mod 1. 
Other interesting instances of u.d. sequences can be obtained from (69): 


Theorem 17 Let {P,,} be a collection of partitions of I in Te, one for each n, and 
let {C,,} be a corresponding collection of tags. Then, the points in this collection of 
tags can be ordered as a u.d. sequence {xx}. 


Proof First we order the intervals of the partitions P,, in Il, sequentially as follows. 
We say that J,” precedes /;', provided that m < n, or, ifm =n, whenh < k. Call the 
resulting ordered sequence {J,}. Also, any collection C, = {cj,..., cj} of tags in 
f, can be ordered as above so that for the ordered sequence {x,}, we have x, € In, 
all n. 

Consider then the expression 


l N 
— Po ob), 
ey k=1 


where N = (1+---+n)+m=s5,+m,0<m <n. A moment’s thought shows 
that 


I N I n I N 
— > per) = = VOKSOPr.C+— D> lar), 
N k=1 al k=1 af k=s,)+1 


where the second summand, with My a bound for g and since N > s, = n(n+1)/2, 
satisfies 


N 


1 
al 960 = aap oy Molson +m ~ Gn + D) 


<2M,/(n+1)>0 asN> ow. 
As for the first term, it can be written as 


s Sn 


pe kS(g, Pr, Cr): 
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Now, since for a Riemann integrable g, S(g, Px, Ck) > iF gask > o, given 
€ > O, there is n, such that | S(g, Pr, Ce) - Sr ¢ | < e fork > n,. Also, since 
convergent sequences are bounded, |S(~, Px, Cx)| < M for all k, in particular for 
k <n,. Then, since (1/s,) el k = 1, it readily follows that 
1 n 
— SKsto. Pe. Cx) ~ | | = 
Sn k=l I 


n 


sr ak(se.1.60- fe)| 
~ 3 k(s@. PCr) f »)] 


k=n,-+1 


= 


1S e(sio.P1.c-f #)|-+ 


n f=] 


As for the first term, it is bounded by 


lee 
(mp +| f o|)— doe 
I Sn k=1 


which goes to 0 as N, and consequently, n tends to oo. And the second term is 
bounded by (e /Sn) ri k < e and, therefore, (69) holds. Since ¢ is an arbitrary 
Riemann integrable function, {x,} is u.d. mod 1. oO 


If the sequence {x,} is dense in J, a moment’s thought shows that we may 
rearrange it so that x; € [0, 1/2], x2 € [1/2, 1], x3 € [0, 1/3], x4 € [1/3, 2/3], 
and so on. This sequence is u.d. by the argument of Theorem 17. 

De Bruijn and Post observed that if the limit of the averages in (69) exists for 
every u.d. sequence in J, then g is Riemann integrable on /, [14]. Salvati and 
Volcié described the behaviour of the averages when ¢ is bounded but not Riemann 
integrable as follows. Let A denote the set of all limit points of the Riemann sums 
{S(g, Px, Cx)}; A will be called the set of all Riemann integrals of vy. Then, A is 
a closed and bounded interval with endpoints L(g), the lower Darboux integral of 
g, and U(g), the upper Darboux integral of gy. Furthermore, for any 4’,A” € A 
such that A’ < ”, there exists a u.d. sequence {xx} such that the set of limits of all 
convergent subsequences of {(1/n) }-7_ 9(xx)} is exactly [A’, A”). 

Here we will prove that there are u.d. mod | sequences so that the corresponding 
averages in (69) converge to the limsup and liminf, and that we can fill A by 
dovetailing these sequences [84]. 

We begin by proving: 


Proposition 17 Let g be a bounded function defined on I = (0, 1]. Then there are 
u.d. sequences {xx} and {yx} such that 


Ie et 
Eai(@) = lim 904) and, Ueto) = lim) 00%) 
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Proof Since Ly,(¢) = —Un, (—¢), it suffices to prove the first statement. Now, as 
in the proof of Theorem 1, let {P;,} be a sequence of partitions of J in IT, such that 
for appropriate tags {C,}, lim, Sn, (¢, Pn, Cn) = Un, (gv). Then, by Theorem 14, 


N 
. 1 
lim — S$) g(x) = Un. @), 
nn tel 


and the proof is finished. Oo 


As for the dovetailing, we say that the sequence {t,} is the dovetailing of the 
bounded real sequences {rx} and {sx}, if {rz} and {s,} are subsequences of {tx} 
corresponding to a partition of N into two infinite subsets. 

We will now show some relations between the averages of two sequences {rz} 
and {s;} and the averages of their dovetailings. 


Theorem 18 Let {rx} and {s;} be bounded real sequences such that 
1X i 
rea =r<s ee 
Then for any t € (r,s), there is a dovetailing {tx} of {rg} and {s,} such that 
12 
lim - dX th =t. 


Moreover, any dovetailing {tx} of u.d. bounded sequences {rx}, {sx} is also u.d. 


Proof Let 0 <2 < 1 be such that t = Ar + (1 — A)s, and for an integer n, let 
m(n) = max{m EN: m/n < dA}. 


Then {m(n)} is an increasing sequence, which by the density of the rationals 
satisfies lim, m(n)/n = A, and, consequently lim, m(n) = oo. Moreover, since 
n—m/(n) > n(1 —A), also lim, n — m(n) = co. 

We will define the sequence {t,} inductively. Since A < 1, we have m(1) = 
0, and we let 4) = s;. And, having picked f,...,t,, we pick t)41 as follows: if 
m(n+ 1) = m(n), we take as t,+1 the first sz that has not been selected previously; 
and if m(n + 1) > m(n), we take as t+, the first 7, that has not been previously 
selected. Now, by induction, it is readily seen that m(n) is equal to the number of the 
rz that have been selected in the first n steps. Since m(1) = 0 and the first element 
picked is s1, the statement is true for n = 1. Assuming that the statement is true for 
n, i.e., m(n) of the rz, have been selected in the first n steps, since we pick an sx if 
m(n+1) = m(n) and we pick an rg if m(n+ 1) > m(n), adding then | to the count, 
the statement is clearly true for n + 1. 
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Now, since 
(n) n—m(n) 
1 min) 1 n—m(n) 1 
ae t= ; 
rae y n m(n) es n n—m(n) 2 * 


it readily follows that 


le 
oe ee 


thus completing the proof of the first statement. 

Finally, we claim that {t,} is u.d. if {rz}, {sg} are u.d. To see this, let [a, b] © 
[0, 1]. Given e > 0, for an integer n, denote by m,, the number of the r, among the 
first n terms of the sequence {t,}, and pick N large enough so that for alln > N, 


Mn n—Mn 
1 


1 
— xan) -@-a) | +| Ye xta.s16o%) — (6 —a)| <e. 
oe k=l k=1 


n—mMy 


Then, since 


Mn 


iY Wks 
ny Me te) (b—a)= = (— > xta.o1(r) — & = a)) 


” k=1 
n—-m ji. --72ee 
+ —( > xta,b) (Sk) — (b-a)), 
n n—Myp 
k=1 
forn > N, it follows that 
1< Mn n—Myp 
= > xian) - b= a) | s “e+ exe, 
n n n 
k=1 
and, therefore, {t,} is u.d. mod 1. oO 


Theorem 19 Let ~ be a bounded function defined on I that is not Riemann 
integrable there. Then, given X. € (Ln.(), Un, (¢)), there exists a u.d. sequence 
{zx} such that 


_1< 
Him 20) =). 


4.1 Uniformly Distributed Sequences 93 


Proof By Proposition 17, there are u.d. sequences {x,} and {yz} such that 


; 1 n ; 1 n 
Ln,(y) = lim — dX g(a), and, Un,(y) = lim — Dd g (9K). 


Consider now the sequences {rz} = {g(xz)} and {sx} = {p(yx)}. Then, with 
t = 2X in Theorem 18, there is a dovetailing {t,} of {r,} and {s,} such that 
lim, (1/7) ae t, = t. Define now the sequence {z;} by the relation g(zx) = fk, 
all k, and observe that 


1 n 1 n 
tims D0) =i 28 =t=d. 


Moreover, we claim that {z;} is u.d. To see this, observe that each zz is an xy, or a 
yp, and that the number m, of the xp, selected after n steps is the same as the number 
of the r; in Theorem 18, and that the number 1 — m, of the y, selected after n steps 
in Theorem 18 is the same as the number of the s,, and so they are both infinite. 
We now repeat the proof that {t,} is u.d. in Theorem 18 with r, replaced by xz, sx 
replaced by yx, and tg by zx, and the result follows. Oo 


We also have this interesting result: 


Theorem 20 Let f,@ be real functions defined on I = [0,1], with f Riemann 
integrable and ~ bounded. Then, if p is Riemann integrable and {xx} is a u.d. mod 
1 sequence, with P, = {I’} the partitions of I in Me, for arbitrary tags cy € Ij, all 
k,n, we have 


i D9 rie) =(f #)(f 1). (70) 


On the other hand, if y is not Riemann integrable on I, given i in the interval 
[Ln (@), Un, (p)I, there exists au.d. mod I sequence {zx} such that for Py = {Ip} 
the partitions of I in le, for arbitrary tags ch € T7, allk,n, we have 


1 n 
lim — Y> glee) Fh) = af f. 
k=1 


Proof Assume first that0 < g < 1 throughout J, put a, = (xx), all k, and let 
® be defined as in Example 3 for the sequence {a,}. Then by (69), a = J 7, and 
by (67), 


tim > Peep UE =tim= Seow ree =(fe)( fs). an 
k=1 k=1 


94 4 The Modified II-Riemann Sums 


Now, if C = {c/,..., c;} are arbitrary tags in J;’, by an argument similar to that 
in the Bliss’ theorem, 


E do een) Sep) — - ven fe] s - Dose (f, I), 
k=1 k=1 k=1 


which by (6) in Proposition | tends to 0 as n — ov, and, consequently, by (71), (70) 
holds in this case. 

Moreover, if g¢ > 0, since Riemann integrable functions are bounded, pick M 
such that g;} = g/M < 1. Then, (71) applied to ¢g, gives the conclusion, since M 
cancels out. Thus the conclusion holds for g nonnegative. 

Finally, if g changes signs, consider yt and g~. Then (70) holds for gt and g~, 
and since y = y+ —g~, and f, g = f{, gt — fg. it also holds for an arbitrary ¢, 
thus completing the proof in this case. 

The proof of the second statement follows along similar lines once we invoke 
Theorem 19 and identify the sequence {z;}. oO 


Chapter 5 ®) 
The Pattern and Uniform Integrals speck 


In this chapter, we discuss the pattern and uniform integrals. Whereas the original 
applications of the pattern integrals were limited to summability methods [45], we 
are interested in sequences more general than patterns, the modified II-Riemann 
sums being the natural setting for these results. 

A double sequence {a@x,,} defined for 1 < k < n,n = 1,2,..., is said to be 
a variable pattern if ayn, = 0 or ag, = | for all k,n. As a particular instance 
of Example 2, the mapping ® defined there on the subintervals J’ of the family 
Tle = {Pn} assumes the value ®(/?) = I? if ax.n = 1 and O77?) = if azn = 0, 
1<k<n,n=1,2,... Then the summation in (1) becomes 


SEPurO= Yo CDE 


k,Okn=l 


and extends over the variable pattern determined by the a;,, for each level n. By 
Proposition 16, provided (56) holds, the I1,-Riemann integral of f associated with 
this variable pattern is 


un.(f) =a fF 


This result contains Theorem 3.1 in [17]. 
As for the patterns, i.e., prescribed subsets P of N, [17], the sums associated 
with P assume the form 


iP) > fPiii= > epi, (72) 
k l<k<n,keP 
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where the summation is restricted to the subset P of N. We say that (P) / , J is the 
pattern integral of f on J if the limit 


lim(P) D7 f (eg) = oun. 
k 


exists [17]. 
Following [17], we say that P is a fixed pattern if it can be characterized uniquely 
by a dyadic number 


t = O.aja2...az... 


where if a; = 1, the kth term of the Riemann sum is to be taken, and if a, = 0, the 
kth term of the Riemann sum is to be omitted. 

Let {a,,} be a sequence of nonnegative real numbers such that a, = 0, ora, = 1 
for all n. Referring to Example 3, the mapping ® defined on the subintervals J,’ of 
the family Ile = {P,} assumes the values ®(//) = a = If, if og = 1, and 
D1!) = if a, = 0. The principal theorem in [17] is then a particular case of (67) 
above. To the point, we have: 


Principal Theorem Let I = [a, b] be a finite interval in R, and suppose that the 
pattern P is characterized by a given t such that 


1 n 
lim — De A, = a. 
nn 
k=1 


Let f be W¢-Riemann integrable on I. Then, the (P)-Riemann integral of f 


exists, and we have 
yf raaf sr (73) 
I I 


Note that the pattern integral of a function f may exist (in the sense that the 
sums in (72) have a limit), even if the limit in (66) does not exist, and therefore, (73) 
cannot hold; an instance of this is given in Example | in [45]. On the other hand, by 
the Law of Large Numbers, the average sums of the terms of a sequence consisting 
of 0’s and 1’s converge to 1/2 for almost all such sequences, i.e., the Cesaro means 
of order 1 of such sequences are 1/2 for almost all those sequences. From this, we 
conclude that for fixed patterns, almost all pattern integrals of Riemann integrable 
functions are equal to | /2 the corresponding Riemann integrals. 

The Riemann sum operators M,, f(x), where f is a real, periodic function of 
period 1, are a particular instance of the pattern integral. They are defined on J as 


Mn f (x) = yf(x+*), xeR. 
k=1 
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When x = 0, M,, f (0) is the pattern integral of f where all the a, are equal to 1, 
and, therefore, by the principal theorem, we have 


lim M, f(0) = (P) / <= / f. 


By the periodicity of f, the same is true for all x € R, and therefore, 


limo = ff allx ER. 
n I 


This convergence statement, which is not true for Lebesgue integrable functions, 
has interesting number-theoretic aspects [83]. 

We consider next an integral that is defined in terms of the usual limits. We say 
that f is uniform integrable on I = [a, b] with uniform integral equal to (U) ie f 
provided that the limit 


[b/c] 
lim k) = 
lim, 2 f (ck) wr 
k=[a/c]+1 


exists [85, 106]. As we shall see below, the uniform integral extends the Riemann 
integral properly: any odd function is (U) integrable in a symmetric interval about 
the origin, with integral = 0. A less dramatic example is the function f defined on 
[0,1] by f(x) = x if x is rational and f(x) = 1/2 otherwise, which is uniform 
integrable, yet fails to be Riemann integrable on [0, 1]. 

Although subinterval integrability may fail for a function that is uniform, but not 
Riemann, integrable [106], the following is true. Let d € (a, b), and c > 0. Since 


[d/c] [b/c] [b/c] 
c Yo fehte Yo fch=c Yo fleck), 
k=la/cl+1 k=[d/c]+1 k=[a/c}+1 


if the limit of any two of the above sums exists as c > Ot, the limit of the third sum 
also exists. Thus, in particular, if f is uniform integrable on [a, b] and on [d, b], 
then f is uniform integrable on [a, d] and 


U) / f+) / few | fF. (74) 
[a,d] [d,b] 


[a,b] 


And, as stated above, the class of uniform integrals contains the class of Riemann 
integrable functions. Indeed, we have: 


Theorem 21 Suppose that f is Riemann integrable on I = [a,b]. Then f is 
uniform integrable on I, and hi f=W) fr f. 
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Proof Given a small c > 0, let m = [a/c] and n = [b/c], and write 


[b/c] n n—m 
c DP ficky=e DI fickh=e}) fem +h). 
k=[a/c]+1 k=m+1 k=1 


With J, = [a+ (k — l)c,a+kc], 1 <k < (n—™m), observe that 
cim+k)eé=l[at(k—-1)c,at+kc], k=1,...,n—m, 
and, in particular, for k = n — (m + 1), we have 
Je =l[at+(n-—m—2)c,a+(n—m -— 1)c], 
where, since nc < banda < (m+ 1)c, we havea+(n—m—1)c <a+b-a=b. 


Also, if J = [a + (n — (m+ Ic, bj, since mc < a and b < (n+ l)c, we have 
|J| < 2c. Write now the integral as 


n—(m+1) 


[f= 2 [refs 


and the sum as 


n—m n—(m+1) 
cyl f(cm+bh=c SY f(clmt+h)+lJIFO) + (cf(nc) — JF) 
k=1 k=1 


=o + (cf (nc) —|J|f@)), 


where, with My a bound for f, since nc ~ b, we have |cf (nc) — lJ | f ()| < 
My (c + 2c), which tends to 0 as c > 07. 
Now observe that | J, ri- a| is dominated by 


n—(m+1) n—(m+1) 


| ba [ t- >» fic +) +| f Flr] 
kal UM k=l J 


n—(m+1) 


pe 


f— feom+b)|+ | |r £0) 


n—(m+1) 
< Do ose(f, Wl + osc(f J)IJI. (75) 
k=1 
Since for each c > 0,7 = {Jj,..., Jn—msi, J} is a partition of [a,b] with 


\|P || > Oas c > OT, by (6) in Proposition 1, the expression on the right-hand side 
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of (75) tends to 0 as c > O°. Therefore, 


[b/c] 
lim c Le f(ck) = / re 
c>0F I 
k=[a/c]+1 
and we have finished. oO 


The connection of the uniform integral with the geometry of numbers is 
examined in [106]. We will examine the rich connection with improper integrals 
next. 


Chapter 6 Mm) 
The Improper and Dominated Integrals spooks 


In this chapter, we will discuss the improper and dominated integrals. We have 
considered so far the Riemann integral of bounded functions defined on finite 
closed intervals, but there are instances when the function we are interested in 
integrating does not satisfy one or both of these conditions. The two basic types 
of such functions are those that are unbounded in the neighbourhood of a point in 
the interval, say the left endpoint, where it tends to oo, and those whose domain of 
integration is infinite and are Riemann integrable on any finite interval included in 
that domain. We will incorporate these functions into our framework by defining 
their integrals as limits of Riemann integrals. This will then involve two limits, 
a limit of Riemann sums to define the Riemann integrals, followed by a limit 
of Riemann integrals. These integrals will be called improper Riemann integrals. 
Functions that satisfy the former condition will be covered by improper integrals of 
the first type and those that satisfy the later condition by improper integrals of the 
second type. 

Concerning improper integrals, a couple of general observations about the results 
we discuss in detail below. The notion of dominated integration addresses the 
question as to when a function has a positive steadily decreasing majorant with 
a convergent improper integral of the first type. And, a most interesting case for 
integrals of the second type occurs when the set of partition intervals of [0, oo) is 
that divided by the points 0 < h < 2h < ..., where h is a parameter that tends to 0, 
Le., X, = nh, [12]. 

We also explore the relation between uniform and improper integrals and note 
the simplicity of computation when dealing with uniform integrals, and this is true 
in other contexts as well. Quadrature rules converge to the integral of the function 
when the function is Riemann integrable, but in the case of the improper Riemann 
integral this connection is obscured by the double limiting process involved. The 
dominated integral, which is defined by a single limit, allows for this connection. 
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6.1 Improper Integrals of the First Type 


For functions f of the first type defined on an interval J = (a, b], we say that the 
improper Riemann integral of f converges and has value Sr ct f provided that f 
is Riemann integrable on [a + e, b] for all ¢ > O, with limit 


lim f= / f. (76) 
e>0* Jlate,b] [at,b] 


It is clear that if the integral of f exists in the ordinary sense, the improper 
integral of f converges and both have the same value. And, that the improper 
Riemann integral does not share some of the limitations of the Lebesgue integral. 
Consider, e.g., f(x) = x? sin(/x?), x 4 0, and f(0) = 0. Then, 


f’ =—é* sin(x/e2) > 0 as e—>0t, 
le.1] 


and so the improper Riemann integral of f’ converges, whereas, since the Lebesgue 
integral of | f’| on [0, 1] is co, f’ is not Lebesgue integrable. 

In what follows, we let J = [0, 1]. We are interested in defining an improper 
integral by means of a single limit. It is clear that by picking tags {c7} where c/ is an 
arbitrary point in the interval (0, 1/7] in the partitions of I, the usual definition of 
the Riemann integral fails. Bromwich and Hardy considered continuous functions 
and suggested two choices for the tags, one for a function of each type [12]. For 
functions of the first type and partitions P;, of J in ¢, their choice is Ch = k/n, for 


k =1,...,n, and the corresponding approximating expression is the right Riemann 
sum of f, 
1 n 
Bn = Sr(f,Pn) = — )_ f(k/n), all. (77) 
ar 


Generally speaking, the Riemann sums will be restricted to those sums where the 
tag in the first interval is chosen not too near 0, and the first interval of the partition 
is not too small compared to the mesh of the partition, which measures the largest 
length among the subintervals of the partition. 

We will first consider the case when f is nonnegative. Then it is readily seen that 
for the limit in (76) to exist, it suffices that it exists for a fixed sequence going to 0. 
Moreover, for positive functions that tend steadily to oo as x > OT, we have: 


Theorem 22 Let f be a positive, decreasing function defined on (0, 1] that 
increases to 00 as x decreases to 0. Then the following are equivalent: 


Gi) lim,_,9+ xf (x) = 0, and f is (U) integrable on I. 
(ii) The improper integral Stor. yl f converges. 
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(ii) lim,_.9+ xf(x) = 0, and lim, Sy, = S exists when limp ||Pn|| = 0, where 
the Riemann sums Sy, = S(f,Pn, Cn) correspond to partitions Py and tags 
Ch = Ree pte Cm such that for some constants 0 <r, uw < I, cr > Bxt, 


and x} = A\|Prn\l for all n. 
(iv) lim,_,9+ xf (x) = 0, and limy, An = A exists, where 


1 n 
An =-— 7 
n=— Sch), 
k=1 

and the tags C = {c},..., 7} are such that, with M > | fixed, 1/Mn < ci < 

1/n, and (k—1)/n < ce <k/n, fork =2,...,n. 
Furthermore, we have (U) tio. f=S=Az= trot.) fi 
Proof (i) implies (ii). For (small) c > 0, put [1 /c] = n. Note that by the 
monotonicity of f, 


-[ f <—cf(ck + 1), I<k<@_—)), 
[ck,c{k+1)] 


and write 


c >) f (ck) - i f 
k=l [e,1] 


n—-1 


n—1 
Os wee X i f) : (chem 7 is ‘) 


say. 
We will consider D,, first. Since nc ~ 1 and f is bounded near 1, cf (cn) > Oas 
c > 0°. Also, since |[cn, 1]| < c and f is bounded on that interval, I Sion.) f\l—7 
0 as c > O°. Hence, lim, |D,| = 0. 
As for C;,, combining the sums, it follows that 


n—-1 


Ee ey (f(ck) - f), (79) 


ka] o lck.c(k+D)] 
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where, by the monotonicity of f, each summand in (79) is nonnegative. Moreover, 
by the monotonicity of f and by telescoping it, it follows that 


n—-1 


Cn = Do (cf (eh) - ef CK + I)) = LF © = f(ne)), 


k=1 
which tends to 0 since both cf (c) and cf (nc) tend to 0 as c > OF. 


Hence, 


lim sup |c 
c>0t 


Di set) / f| <limsup (Cy + |Dul) = 0. (80) 
[e, 1] c> 0+ 


and the left-hand side of (80) tends to 0 as c > OF. 
Thus, since 


ff r-ofs ss foe rool+ fee re-w fs 


where the first summand goes to 0 as c > OT by (80) and the second summand 
goes to 0 as c > O7 since the uniform integral of f converges, it follows that the 
improper Riemann integral of f converges to (U) [- if 

(11) implies (iii). First note that if the improper integral of f converges, for 0 < 
x < 1 it follows that 


xf) 52 f f=2(f r-{ f)>0 asx > OF. 
[x/2,x] [x,1] Le /2,1] 


Let now Py = {I/,..., Jj, } be partitions of [0, 1] with COMSaPORSINE tags Cn, 
and, specifically, let Cy.1 = {x},.--,%m,} and Cn.2 = {cj,x7,..., Xin im, —[}- Since f 
is nonincreasing, f(x) < f(c{), and f(x?) < f(c{) < f(xz_,) for 2 <k<mny, 
for all n, and, consequently, 


Sf, Pras Cn) < Sf, Piss Cn) < Sf, Pr, Cn2)- (81) 


We claim that S(f, Pn, Cn.2) — S(f, Pn, Cn.1) > 08 || Pr|| — 0. To see this, 
note that S(f, Pn, Cn.2) — SCS, Pn, Cn.1) is equal to 


My 


(fet) xt — f@f) 27) +20 — f Og) (xg = 2-1) 
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where the first summand is bounded by f(c}) x} < 


< f(c})c}/u, and the second 
summand is bounded by 


Pall ¥> (FOR) — FOP) < UPall FAD < fO@D*T/A. 


k=2 


Hence, given ¢ > 0, since lim,_,9+ xf (x) = 0, we can choose 79 > 0 such that 
with 0 < ct <x} < ||Pall, 


S(f,PnsCn2) — Sf Pns Ca) = f(cp)ct/m+ fap) xt/A < €/2, (82) 


for all partitions with ||P, || < no. 
Now, yo can be chosen so that, if 0 < xt < no, with J = Stor. f, we have 


rs/2< | f <i. (83) 
[x1] 


Since f is decreasing, we also have 


S(f, Pr Ca. sf St < Sf, Pn, Cn.2), (84) 
[x1] 
and, consequently, by (82) and (84), 
O<f  f-S(F Pr Cri) S672. (85) 
[x?.1] 


Hence, by (83) and (85), 
r-sfPCanfs|ti- fo tl+|f £-S% Pa Can] se 
Le" 1] [x1] 


This implies that S(f, Ph, Cn) — I as ||Pn|| — 0. Now, since by (82), 
S(f, Pn, Cn,2) — SCf, Pn, Cn,1) — 0, it follows that also S(f, Pn, Cn,2) > TI as 
||P || — 0, and by (81), the proof is finished. 

(iii) implies (iv). Take yp = 1/M, 4 = 1. The conclusion also applies to the B,s. 

(iv) implies (i). Let [1/c] =n. Then, n = [1/c] < 1/c < (n+ 1), which implies 
that for 1 < k <n,wehavek/(n+1) < ck < k/n. Now, since it readily follows that 
in this range of k,n, we have (k — 1)/n < k/(n +1), ck € I? = [(k — 1)/n, k/n], 
all k < n. Thus, if we let 


1 
An = — 
n 


1 n 
f/m) + =) 7 Fb, 


k=2 


the A, satisfy the conditions in the definition in (iv). 
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Now, 
ne Do feb < |AFa/m— ef] +|(4-<)]| Neco]. 66) 
k=1 k=2 


Moreover, since 1 — cn < c, it readily follows that 


and the second summand above is bounded by 


1 1 
— |Anl + GIF C/n)I, 
n n 


which, by assumption, and since A, being convergent is bounded, goes to 0 as 
n — oo. Also the first summand in (86) goes to 0 by assumption. 
Finally, 


’ 


lA se ee) < |A- An| + lAn = SF lek) 
k=1 k=1 


where the first term goes to 0 by the convergence of the A,,, and the second goes to 
0 by the computation. Thus, f is uniform integrable on J with (U) [ J =A. Oo 


Theorem 22 is not necessarily true when the monotonicity assumption is relaxed. 
Indeed, suppose that f(x) = 2”, for x = 27”, all n > O. Then the sum 
27 + f (k/2") includes the term (1/2”) f(1/2”) = 1, and so it is > 1. Hence, 
(1/n) \vr_, f (k/n) cannot converge to a limit less than 1 as n —> oo. But, it is easy 
to define a function f (graphically or otherwise) that is positive and continuous for 
x > 0, assumes the values assigned above, and yet Stor. Y f <n, for an arbitrary 7. 

It is possible however to remove the restrictions of Theorem 22 by assuming 
that f is majorized throughout (0, 1] by a monotone function that has a convergent 
improper integral [28]. Specifically: 


Theorem 23 Let f be a function defined on (0,1] such that |f(x)| < F(x) 
throughout (0, 1], where F is a monotone decreasing function whose improper 
integral converges. Then f is absolutely improper Riemann integrable on (0, 1], 
and if II is a class of partitions of (0, 1] containing partitions P with arbitrarily 
small mesh ||P\| such that 


lim Sy(F,P, Ge F, 
Plo [o+,1] 
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then for the same family T1 of partitions P of (0, 1], 


lim Su fP.0)= f fi 
Pio fot, 1] 


Proof Given ¢ > 0, let 5 > 0 be such that 


/ F <e/6. (87) 
[OF ,5] 


Then, for 0 < a < b < 6, we have 


lf slsf wis] Fser. 
[a,b] [a,b] [Ot 5] 


and, consequently, f is improper, and absolutely improper, Riemann integrable on 


[0, 1]. 
Write now 
ra} fz) ft fH +, 
[0+,1] [0+ ,3] [5,1] 
and 
=f r= | r+ | F=J'+dJ", 
[0+ ,1] [0+ ,3] [5,1] 
say. 


Let now P = {kk}, 1 < k <n, bea partition of [0, 1] in I] with ||P|| < no. 
There are two possibilities, 5 is an endpoint of an interval in P or 6 is an interior 
point of one of the intervals of P. We will only do the latter case, since the proof 
of the former case follows along similar, simpler, lines. So, if 6 is an interior point 
Of [ky = [Xko,t, Xko.r] € PP, say, put Lkg 7 = [X91 5], Ikg,r = [5, Xko,r], and let 
Q= {h,..-, Tko—t+ Tks Lkosrs Leo +1» --+> In} be a refinement of P, with the tag set 
Cg consisting of the tag set of P with an additional point; Q is not necessarily in 
IT. Now, since | So(F, P, C) — S(F,Q, Cg) | > 0 with ||P|| > 0, we can choose 
1 < no such that, whenever || P|| < 1, 


|S(F,Q,Cg) — J| < €/6. (88) 
Note that P’ = {I),..., Iko,1} is a partition of the interval [0, 6] with tag set 
ence Chy=13 Chath and, similarly, P" = {Ix,,-,..., Z,} is a partition of the 


interval [6, 1] with tag set C” = {Ch + Chott? ee 
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Now, since J” and J” are ordinary Riemann integrals, we can pick 79 such that, 
if ||P"|| < no, 


SEP CUS? 2a. (SPC) =f | aoe (89) 
Since 
S(F,P’,C’) = (S(F,Q, Cg) — J) — (S(FLP.C) - IN 4 I’ 
by (88), (87), and (89), it follows that 
S(F,P’,C’) < |S(F,Q, Cg) — J| + |SUF,P”, C”) — J”| + |J’| < €/2, 


which implies that |S(f, P’, C)| < SCF, P’, C’) < €/2. 
Furthermore, 


IS(f,Q, Cg) — NN <|SP,C) —- 1+ 186,20 - 1" 
2(MEP COI (eM Caf", 


where as we just have seen, the first summand above is estimated by ¢/2, the 
second summand can be made not to exceed ¢/6 on account of the proper Riemann 
integrability, and the last summand can be made < ¢/6, by the usual Riemann 
integrability of the function. Thus, the expression is bounded by 5 ¢/6. 

Finally, since |S(f,Q,Cg) — Sn(f,P,C)| — 0 with ||P||, it follows that 
ISn(f, P, C) — I| < ¢, for || P| sufficiently small, and the proof is complete. oO 


On account of Theorem 23, it is of interest to determine under what conditions 
functions f defined on (0, 1] have a nonnegative decreasing improper integrable 
function as a majorant, for then the results of Theorem 22 will transfer to f; we will 
return to this in Theorem 25. In the meantime, not to lose the thread, we will round 
up the other results. 

Our next result invokes the notion of oscillation along a partition, defined as 
follows. Given c > 0, and = [1/c], let 


n-1 


Vif.c) = c ) ose (f, [ck, ck + 1). 


k=1 
We then have: 
Theorem 24 Let f be defined and finite on (0, 1], and assume that f satisfies 


lim V(f,c) =0. (90) 
c>0t 


Then, the improper Riemann integral of f converges iff the uniform integral of f 
exists, and in that case trot.) f =U) i f. 
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Proof First observe that lim,_,9+ cf (c) = 0. Indeed, since 


n-1 
fo = CGS) — f(c&+1)) + fire), 
k=1 


it readily follows that c| f(c)| < V¢f,c) + e|f(ac)|, which, by (90) and since 
nc ~ 1, tends toO0 asc > OF. 
We do the necessity first. Note that, with [1/c] =n, 


erro ffl 
< Jerre fl (is ae 


where on account of the existence of the improper integral of f the second terms go 
toO asc > OF. 

As for the sum in the first term, as in (78), it can be written as C, + D,. Note that 
for x € [ck, c(k + 1)], | f (ck) — f(x)| < ose (f, [ck, c(k + 1)]), and, consequently, 
by (79), 


: (91) 


n—1 


ICn] < ¢ } ose (f, [ck, ck +) = V(f.0), 


k=1 


which by assumption goes to 0 as c > 0*. And, D, > 0 as above. 
Combining these estimates, it follows that 


fice : dX F{ek) = [, - 


+ ‘| 1] 
and, therefore, the uniform integral of f exists and is equal to the improper integral 


of f. 


The proof of the sufficiency follows along similar lines. Consider, with [1/c] = 


n, 
if Fw) | f| 


sf t-ed fob|+ led rem -w fF 
[e,1] k=1 k=1 : 


’ 
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where the second terms go to 0 as c — O* on account of the existence of the 
uniform integral of f. As for the first term, it is precisely C, + D, above, and so it 
tends to 0 as c > 0*. Therefore, it follows that lim,,9+ fi. 4) f = (U) f; f, and, 
therefore, the improper integral of f exists and is equal to the uniform integral of 


f. oO 


The necessity of Theorem 24 extends a result of Wintner, stated in terms of the 
total variation of f, [108]. As for the sufficiency with the assumption (90) removed, 
Wintner notes that it is quite deep as it contains results in Lambert summability as 
well as the prime number theorem [48, 88, 108]. The convergence of the improper 
integral required for the latter proof relies on a series using the M6ebius function; a 
more elementary proof of this result remains a tantalizing challenge. A preliminary 
result in this direction is: 


Proposition 18 Let f be defined on (0, 1], Riemann integrable on [r, 1] for 0 < 
r < 1, and uniform integrable on I, and let By be given by (77). Then, limy Bn = 
(U) Si Ff. Moreover, if lim,_,9+(U) Sto.e} f =, the improper integral Stor. f also 
converges to (U) iF f. 


Proof With ¢ a small positive number < 1, write 


[en] n 


1 
Br=— DU fk/n)+— YI fk/n). 
k=1 


k=[en]+1 


Now, since f has a uniform integral on [e, 1], being Riemann integrable there, 
and by assumption on /, by (74), f has a uniform integral on [0, ¢], and the limit 


[é/e] 
lim c )* f(ck) =(U) i f (92) 
c> 0+ kel [0,e] 


exists. Therefore, for every subsequence of c > 0, the limit will also exist and be 
equal to the limit. Whence with the choice c = 1/n, 1/(n+ 1), ..., forn large, (92) 
gives 


en] 


[ 

1 
li -) (k =u) | f. (93) 
mn tat me [0,€] 


The second summand leading to (74) needs a small adjustment. Let j, denote the 
largest integer j such that j < n( 1- é) and observe that 


en|+j j—1 j oo 
ened c[e+¥ eter, I< Je. 
n n n 
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Let J, C J and ci) denote the interval and the tag c? € I, 


Ie=[e+ 4,1], c ee 
n n 


respectively. Then, 


n—-1 


2 f(k/n) = > F(k/n) +- ~ F(0) + UInl F(eh), 


=[ne]+1 =[ne]+1 


where 


n-1 


Sf (k/n) + Ul Ch) 


k=[ne]+1 


is a Riemann sum of f on [e, 1], and since |Jy| < 1/n, 


lim —|f) + [In| lf (cn) = 0. 


Hence, 


lim ~ > faim fs (94) 


=[ne]+1 


Therefore, combining (93) and (94), it follows that 
B=lim B, = (U) f+f f= | f. 
7 [0,2] [e,1] [0,1] 
Furthermore, 


P- flop sl 


and the proof is finished. Oo 
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We proceed now to the numerical evaluation of improper integrals of the first type 
by a single limit by means of the dominated integral. Let f be defined on (0, 1]. We 
say that f is dominantly integrable if there is a real number D with the following 
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property: For every ¢ > 0, there exist 0 < 6, < 1 such that 
n 
|do Pedr — x1) - D) se (95) 
k=1 


whenever 0 < x9 < x1 <... <%, = 1, x0 <n, the tags cy € Tp = [xg_1, xx], and 
Xe-1 > (1 — 5) xy fork = 1,...,n. 

It is clear that if such a D exists, it is unique; D is called the dominated integral 
of f. Also, the condition x,_; > (1 —64) xg is equivalent to |Zg| = x4 —xp¢-1 < 6 XK, 
all k, and there is an equivalent definition involving an infinite sum in (95), [59]. 

An important property of these functions is that they have a convergent improper 
Riemann integral on [0, 1]. To see this, we begin by proving: 


Proposition 19 Let f be dominantly integrable, and let0 < a < 1. Then f is 
Riemann integrable on [a, 1]. 


Proof Fix 0 <a < 1. It suffices to prove that, given ¢ > 0, there is a partition P of 
{a, 1] such that 


U(f,P)-—L.P) < «. (96) 

Let 7,6 correspond to the choice ¢/4 in (95). There are then two cases: 0 < 

n <a,ora <7. Ifa < n, pick points a = x9 < x1 <... < X, = 1 such that 
Xp-1 > C1 — 5)xg, and tags cx, of € Ip = [xp_1, xx], fork = 1,...,n, so that, if 


C = {et; 125;} and C" = {e),.<2+,6,), then UCP) <= SOAP, C) + e/A, and 
S(f,P, C’) < L(f,P) + €/4. Then, for the partition P = {J;} of [a, 1], we have 


ULLP) - LEP) s|SULP,C) - SUP.) 


+ 6/2, (97) 
where the first term on the right-hand side of (97) is bounded by 
S(LP,C) — D| +|SU6.P,C') - D| < ¢/2, 
which, combined with (97), gives (96) in this case. 
On the other hand, if 0 < 7 < a, pick O < x9 < n, and yo = x9 < yw < 
Les < Vm = a, tags dn € Jn = [yn-1, yn], such that yp_) > (1 — 5) yp for 
h = 1,...,m. ThenQ = {Jp} U {J} is a partition of [xo, 1] and is tagged. Let 


C; = {d,...,dm} UC, and Ci = {d,,...,dm}UC’; by (95), we have that the first 
term on the right-hand side in (97) is bounded by 


S(f,Q, C1) - D| a: Re OCy=apieee 


Hence, (96) also holds in this case, and we have finished. oO 
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In working with dominated integration, different approaches are important in 
applications, e.g., oscillations. We say that a function f defined on (0, 1] satisfies 
the Riemann condition for the dominated integral, or Property (R), provided that the 
following two conditions hold: (i) f is bounded on each closed subinterval of (0, 1]; 
and (ii) For every ¢ > 0, there exists 0 < 6 < 1, such that 


n 
Yj ose (f, Ik) kl < (98) 
k=1 
whenever 0 < x9 < x1 <... <4, = 1, Ie = [Xe_-1, xx], and x, > C1 — 5) xx_1 for 


k=1,...,n. 
Note that if f satisfies Property (R), since 


IFC - IFO] <IF@—- FOI, x,y € OU, 


it readily follows that for a closed subinterval J Cc (0, 1], osc (| f|, J) < osc (f, J), 
and, therefore, also | f| satisfies Property (R). Moreover, if F is defined on (0, 1] by 


F(x) = sup |f@I, (99) 


x<t<1 


F is amonotone nonincreasing function such that F(x) > | f(x) | throughout 7, and 
also verifies Property (R). To see this, let J = [a,b],0 <a < b < 1. Since F is 
nonincreasing, F(a) — F(b) => 0, and it suffices to consider when F(a) — F(b) > 0, 
and then we may restrict the sup in the definition of F(a) to the seta < t < b. Then, 
for any x1, x2 € J, we have 


|F Qa) — F(x2)| < F@ — FO) < F@) -|f@)| 
< sup (f@I-If@)< sup FC) -1 FO) 
a<x<b a<x,x'<b 
= osc (|f|, J) < osc (f, J), 
and, consequently, 
osc (F, J) < osc (f, J). (100) 
Let f be a function defined on (0, 1], and let 0 < 5 < 1 be fixed. Suppose 


there is a real number / with the following property: For every ¢ > 0, there exists 
0 < 7 < 1 such that 


| es F (Ck) Xk — Xe-1) — 1) S (101) 
k=1 
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whenever 0 = x9 < x1 <... < X» = 1, the tags cx satisfy max (xg_1, Ox) < cK < 
Xz, and xp — xx-1 < nfork =1,...,n. 

It is clear that if J exists, it is unique. We expect that such an f has a convergent 
improper integral, and the first step in verifying this is: 


Proposition 20 Suppose that f satisfies (101). Then f is Riemann integrable on 
[a, 1] foranyO0 <a <1. 


Proof The proof follows along the lines to that of Proposition 19, and we shall be 
brief. Given ¢ > 0, it suffices to produce a partition P of [a, 1] such that U(f, P) — 
L(f,P) < ¢. With d < | fixed, let 7 correspond to the choice ¢/4 in (95); we may 
assume that 7 < (1 — 6). Consider the sequence (1 — n)” — 0, and let N be the 
largest integer such that a < (1 — ny . Consider the intervals Jo = [a, (1 — n) ], 
fh =(=9)", daa"). = 109), d=), ty = (=n), 1), Then, 
it readily follows that |J,| < n forO < k < N,and witha = x_1, if I, = [xg-1, xx], 
then max(xg_1, 6xx) = xXg~-1 for all k. Now, P = {lo,..., In} is a partition of 
[a, 1], and for any set of tags C, C’ by the definition above, it follows that since 
max(xz—1, xx) = Xz—1, we may choose freely cx, € I. Then we pick tags C, C’ 
so that the Riemann sums S(f, P, C) approximate U(f, P), and the Riemann sums 
S(f,P, C’) approximate L(f,P). Then |S(f,P, C) — S(f,P, C’)| < ¢/2, which 
gives that U(f, P) — L(f,) < «&, and the assertion follows from the integrability 
criteria. Oo 


We then have: 
Theorem 25 Let f be defined on (0, 1]. Then the following are equivalent: 


(i) f satisfies (101). 
(ii) f is dominantly integrable on I. 
(iii) f satisfies Property (R). 
(iv) If F is defined as in (99), the improper integral of F converges. 


Moreover, in this case, the improper integral of f converges, and it equals D, 
where D is the real number in (95), and I, where I is the real number in (101). 


Proof (i) implies (ii). Since f is Riemann integrable on [a, 1] for0 < a < 1, itis 
bounded there. We claim that xf (x) > 0 as x — O*. Suppose this is not the case. 
Let 7 correspond to ¢ = | in (101), and observe there exist e > O and a sequence 
{sg} with n > sy > C1/2)sy > sg >... > Sey > C1/2)8p-1 > 5p >... > 0, such 
that |s, f(s,)| = ¢ for all k. By working with — f and passing to a subsequence if 
necessary, we may assume that s; f(s.) => ¢ for such a sequence. Finally, pick an 
integer N, such that 2 Nis n, for integer N > Ny letk(N, Nj) = N-N, ae 
and for 1 < k < k(N, N}), define the a as follows. 


0, k=0, 
ip SN—ks 1<k<N-M, 
sn, + G-N+N\)2-(1—sy,), N-Ni+1<k <K(N,N)). 
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Then, a - a: 1 <7 for all k, and for appropriate tags cx, by (96), 
2M 


7- Doren NN | <1. (102) 


Now, we break up the sum in (102) into two terms, one summing up to N — Nj 
and the other from (N — N;) + 1 to 2%!, and observe that 


N-N, jes Ni 1 
DS FRR — xf) = 5 pe F(a xg! = 5(N - Mie, (103) 
J 


and, with M a bound for f on [sy,, 1], 


k(N,N1) 
dF y(t! - x8) 
k=N—Nj+4+1 
21 
=2-"1 ~sy)| 0 fom, + OM 41-2  =sy,))}, 
k=1 


(104) 
the above is < M. Hence, combining (102), (103), and (104), we have 


2M1 


1 
12> [1-0 Fee) (a - xf) 2 507 - Me - (M+ 11), 
kl 


which is not true for NV is sufficiently large. 

Now we are ready for the proof. Given ¢; > 0, we must find numbers D and 
0 < 61,71 < 1 such that |D _ yet FS (ck) (xz - xk-1)| < €,; whenever 0 < xo < 
Xp <...<X, =1,X0 < m1, ce © [Xe-1, xx], and xp — xp-1 < bX. 

Let 0 < 6 < | be given in (101), and let 7 be the value corresponding to ¢; /2 
in (101). With t such that |xf(x)| < ¢1/2 for 0 < x < T, the values of 71, 51 are 
defined by n; = min(t, 7) and 6; = min(n, 1 — 5). Note that with these choices, 
since x9 < ym) < T, we have |xo f(xo)| < €1/2. And, since xg, — xgp_1 < d1xR < 
(1 — 5)xx, then max(xz,_1, 6x) = xg—1, and so cx is an arbitrary point in Ik = 
[max (x1, OXK), XK] = [xp-1, xe] for 1 < k <n. Also, xp — xp-1 < SixR < 
for 1 < k <n. Then, with c_; = 0 and cp = Xo, these observations give that 
reo f (cK) rk — xk-1) = f (co)x0 + pay f (ck) (Xk — xk—-1) is an admissible sum 


116 6 The Improper and Dominated Integrals 


for (101), and, consequently, 
n 
| > F(a a — X41) - 1| 
k=1 


< | D2 Flex d(xe — sei) = 1] +f @o)xol < €1/2 + €1/2 = €1. 
k=0 


Hence, (95) holds with D = I. 

(ii) implies (iii). Since f is Riemann integrable on closed subintervals of (0, 1], 
it is bounded on each such subinterval. Given e > 0, choose 0 < 6,n < 1 
corresponding to ¢/4 in (95). Let 0 < x9 < x1 < ... < xX, = 1 such that 
Xe-1 > (1 — 8) xx, and tags cy, c, € Ip = [xe-1, xx] fork = 1,...,n. Let 
C= tale =e}. 

There are then two cases: x9 <n, or x9 > 7. If xo < n, by (95), 


Xreen— seep) 
< Lo Font 7 D| + | FCI _ D| < 2/2. 
aa k=l 


Now, pick cx, cj, such that osc (f, Ik) < (f (ck) — f(c)) + ¢/2n and note that by 
(101) above 


Yo ose (f, Le) Mal < Do (F (cx) = Fc) kl + €/2 <, 


k=1 k=1 


which gives (98) in this case. 

On the other hand, if x9 > n, pick O < yo < n, ¥o < WI <.-. < Ym = XO, 
such that y,_) > (1 — 6) yp, and tags dy € Jn = [yn—1, yn], forh = 1,...,m. Let 
D = {d,,...,dm}. Then Q = {Jy} is a partition of [xo, a], and by (95), it follows 
that 


Yo ose (f, fe) Mal < D5 ose (fF, Hel + D2 ose Cf, IniInl < &, 


k=1 k=1 h=1 


which gives (98) in this case, and we have finished. 

(iii) implies (iv). Let 5 be the value corresponding to ¢ = | in Property (R), and 
set n = (1 — 6/2) > (1 — 4). We pick points 0 < x9 = n” = (1 — 8/2)" < x, = 
ny” tell <x, = n} < x, = | that satisfy the criteria in Property (R), and 
consider the intervals , = In‘, il each of length (1 — nynk!. Then, by (100) 
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and Property (R), 


n 


d (Fa) = Fa) THs Dose (fF, fe) Mel 1. 


k=1 k=1 


Next, since by (99), F is positive and monotone decreasing, F is Riemann 
integrable on each [a,1],0 < a < 1. Since F > O, it is improper Riemann 
integrable on (0, 1], if Sina F is uniformly bounded for n. 

Now, since 


Folie s f FeF@Mihl B= Ia, 
[nk nk-!] 


it follows that 
n n 
[rsd rabud=d Fab 9!) 
[71 k=1 k=l 


= F()+ 0 FO)! 0 Fa) ft - Fa)" 
k=2 k=2 


> (Far) — Fak) el < Foyt 


< F(n)+ : 
= (1 —n) 


1 
(1 —1n) 


and the integral is bounded uniformly in n. This does it. 
(iv) implies (i). Since | f(x)| < F(x) throughout (0, 1], f is absolutely improper 
integrable. Let e > 0 be given. Then pick y such that 


1 
ee ee 
[ot 1] ty. 8 Jtot.y] 


and pick 7 such that for all partitions of [y, 1] with mesh ||P || < 7, 
snpo-f sl sera 
ly. 1 


Since 7 can be arbitrarily small, we may assume that 7M < ¢/8, where M is a 
bound for f in [y, 1]. 

This is the value of 7 in definition (101). So, suppose that 0 < x9 < x1 <...< 
X, = 1, satisfy max(xp_1, OxK) < ce < Xp, and |J_| = xp — Xp-1 <n, all k. 
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We will verify that 
n 
| i f- Yo flax - x-1)| <6. (105) 
(Or Ret 


With N the largest integer such that xy < y, write 


n N n 
Yo f(a) Ox — e-1) = DO Fer — e+ DS Fe) Orr — 2e-1). 


k=1 k=1 k=N+1 


Then, since cy > dxx, 


N N 
[do Fedor =D] sO FOr) Ge = 4-1) 
k=1 k=1 


1 
< / F (6x) dx < > F <e/4. 
[0+.y] 6 Jpot sy] 


Let now J), = [y, xn41], and let P = {1}, In4i,..-, In}. Then P is a partition 
of [y, 1], and Sf, P, C) = f(dn )|[xn41 — vJ| + k=N41 is a Riemann sum that 
satisfies the above conditions. Note that | f (dy )| | [x41 —yv]| < Mn < &/4. 

First, estimate (100) by 


| i P= » f (Ck) Xx — x-1)| 


= | = I . [, f| + | . f — d Sf (Ck) (x — xXp_-1)], 


where the first summand is bounded by ¢/8. 
As for the second summand, since 


n N 
Y~ F (ce) xe — xe-1) = D> f (ce) xk — H-1 + SFP, OC) — F (dw Lea — 7] 


k=1 k=1 


it can be estimated by 
N 
| / FSP OL +E Heder anv] + [Pd ikes1 — 1 
he k=l 


where first term estimated by integration on [y, 1], second estimated above by 
improper integral of F,, and third term < ¢/4. This completes the proof. oO 
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From Theorem 25, we highlight the fact that if the dominated integral of f exists, 
then there is a monotone nonincreasing function F on (0, 1] such that: G) |f| < 
F throughout (0, 1] and (ii) the improper Riemann integral of F converges. For 
functions that enjoy these properties, we have: 


Theorem 26 Let f be a function defined on (0, 1], which is dominantly integrable 
on I. Then the improper integral of | f| converges and conclusions (iii) and (iv) of 
Theorem 22 are valid for f. 


Proof First, if f is dominantly integrable on J, f is improper Riemann integrable 
on J. And, if F is given by (99), by (iv) of Theorem 25, the improper integral of 
F converges, and so does the improper integral of | f|. Also, since F is monotone, 
conclusions (iii) and (iv) of Theorem 22 hold for F. Moreover, since | f(x)| < F(x) 
throughout (0, 1], by Theorem 23, if IT is a class of partitions of [0, 1] containing 
partitions P with arbitrarily small mesh ||P|| such that limp, 9 Sn(F,P, C) = 
Sot.) F,, then for the same family IT of partitions P, lim py. Sn(fiP,C) = 
trot. q f. Since clearly the partitions identified in (iii) and (iv) of Theorem 22 satisfy 
the assumptions of Theorem 23, the proof is finished. Oo 


We will now consider the evaluation of an improper integral by means of 
quadrature rules. Because of the nature of improper integrals, we will restrict 
ourselves to the open type rules that do not include the left endpoint. We will refer 
back to the previously established fact that for Riemann integrable functions f on 
I = (0, 1], the compound rules converge to f- tf 

The following circumstance is appropriate when dealing with dominantly inte- 
grable functions. Fix 0 < 6 < 1, and consider a family of partitions {P,} with 
lim, ||Pn|| = 0, as those considered in (95). Thus, each partition P, = {J/'} consists 


of intervals J) = [x;_,,x;], 1 < k < mp, and tags ci <... < Cm,» Such that 
cy € Jf for all k, and 
max (xp_1, dx¢) < cy <x, K=1,2,..., 001. (106) 


We then say that the sequence {®,,} of functionals on the set of functions h 
defined on (0, 1] is a Q-sequence (where Q stands for quadrature) if each ®, is 
given by 


Mn 
®,(h) = aes h(ct) (x2 — x24), n=1,2,..., (107) 


with the property that for every function f that is Riemann integrable on /, 


lim ®,(f) = / f. (108) 
n T 
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Now, applying (107) and (108) toh = xy, it readily follows that a necessary 
condition in this case is that 


Mn 


: n n n — 
lim) Wy (x; _ x3) =1, 
k=1 


which we will assume. We will also assume that |wr| < M, fork = 1,....mn, 
n= 1,2,... We then have: 


Theorem 27 Let f be a function defined on (0, 1]. Then, f is dominantly integrable 
iff each Q-sequence {®,,} converges, and in this case lim, ®,(f) = trot 4 fe 


Proof Sufficiency follows readily from Theorem 25. Indeed, if f is not dominantly 
integrable, for every 0 < 6 < 1, there is a Q-sequence {®,} (each ®,(f) being a 
Riemann sum of /) such that {®,(f)} does not converge. 

As for necessity, note that by Theorem 25 the improper integral of f converges. 
So, given ¢ > 0, we will verify that I frot.1] f — ®,(f)| < © provided that n is 
sufficiently large. First, since the improper integral of f converges, for n; < 1 
sufficiently small, it follows that 


[/ f| wee: (109) 
[0+ 51] 


Also for n2 < 1, consider 


My 


oy We X10,8nal (CES (cg) (xe — x¢_1); 


k=1 


and observe that the sum extends over those k such that Ch < 6n2, which together 
with (106) implies that 6x7) < c? < 6n2, or x? < mp. 

Now, since by (iv) of Theorem 25, F is decreasing and has an improperly 
convergent integral, for n2 < 1 sufficiently small, it follows that the above sum 
can be estimated by 


My My 
Y= |x10,5n01 Cp) wef (CE) (x8 — x41) | SMO xterm) OOF (CP) (xe — 22-1) 
k=1 k=1 


Mp 


< MY Xt <n) (KF (xg) (xf —xpj)<M . F (6x) dx 
= [0* ,n2] 
k=1 
M 
= — F <¢/3, (110) 
6 Jlot,s nol 


for n2 sufficiently small, independently of n. If we pick now 7 = min (71, 72), (109) 
and (110) hold simultaneously for 7, independently of n. 
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Let now the Q-sequence {®,(h)} be defined by (107), and note that since 
Xton, (x) + (1 — XxXI8 nly (X)) = | for all x, ®, (h) can be expressed as 


My 
®n(f) =) wh (1 = xtan.i(cP)) F(Ch) (x8 — x21) 
k=1 
Mn 
+>) wh x08 nce) FcR) (xf — xf_1)- 
k=1 


Now, since fips yf = Sor. iat Sis 1] /> With the above representation for 
®,(/), it follows that 


| I, 6-o(p| I. /| 


My 
+) xtosmi(ce)| we fp) (xe — x¢_1)| 
k=1 
Mn 


+|f f — Do wh xten. (cd) FED (xt — xf1) 
[3n.11 


k=1 


’ 


where the sum of the first plus the second terms above is estimated by ¢/3 + ¢/3 = 
2/3, independently of n. As for the third term, by (108), it can be made < ¢/3 
provided n is large enough, and the proof is finished. Oo 


An interesting application of this result is to compound quadrature rules. Suppose 
that {R,(f)} is a sequence of open compound rules on J not involving f (0), 
integrating x; exactly, namely, 


n m 


RN =— > (Sow (2 4*)), na... 


k=1 r=1 


where w1,..., Wm are real numbers such that )°"_, wy = 1, and0 < x) <... < 
Xm = 1. 
Observe that for n = 2,3, ..., the numbers 
k-1 
Cee Boo, ep te 


n n 
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are all distinct, and arrange them as a strictly monotone increasing sequence THs 
where | < j < mn, and set for each n, 


0, j=9, 

n_ J (te +771) 

tF = os 1,2,...,nm—1, 
1, jJ=nm. 


Observe that the above definition of a associates with each n > 1 and 
jJ = 1,2,...,nm, a unique r, 1 < r < m. Then, given such n and j, use the 
corresponding r to define 


Wr 
fo n_ 4n : 
n (ti ty) 


From the definition of the ti, it follows that there exists a constant M, D326) 
(independent of j and 7) such that t? _ iy > (Min)~! for every j, 1; thus, each 
cj | < M, with M being a constant. It is also verified that, forn = 2,3,... and 
J =1,2,...,nm, 


ct/t > 8 =2(1+ max (r4i/xr)) |, 
yd l<r<m 


where X41 = 1+ 41. 

Recall that for every Riemann integrable function f on 7, R,(f) converges to 
J, f. Hence, by Theorem 27, lim, Rn(f) = Jio+,1, f, for dominantly integrable 
functions f, [73]. 


6.3 Improper Integrals of the Second Type 


We will now discuss functions of the second improper type. A function f defined 
on [0, 00) and Riemann integrable on [0,7) for all r is said to have an improper 
Riemann integral on [0, oo) if the limit 


lim f= / f 
ro Ji0,r] [0,00) 


exists. Such functions are not necessarily Lebesgue integrable on [0, 00), as the 
example f(x) = 072; (—1)*(1/k) xtk,e+1) (x) shows. 

Keeping in mind the interplay between the monotonicity of the function and the 
selection of partitions involved, our purpose is to define the improper integral of f 
by means of a single limit involving an infinite sum. Suppose that f is nonnegative 
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monotone decreasing, and let 0 = xp < x1 < x2 <..., be the points of division of 
the intervals in the partition. Then it is clear that 


2 | Xn+1 — Ni ay 2 [, ' fe > (Xn41 a ha) feels 


n=0 


in so far as these inequalities have a meaning, that is to say, the convergence of the 
integral ensures that of the second series and the second part of the inequality, and 
the convergence of the first series ensures both inequalities. It is easy to see, by an 
example, that the convergence of the integral does not ensure that of the first series 
above. Take, e.g., f(x) = 1/(1 + x)? and x, = 27"h, [12]. 

However, in the most interesting case, the set of partition intervals of [0, 00) is 
that divided by the points 0 < h < 2h < ..., where h is a parameter that tends 
to 0, i.e., Xx, = nh. Then the monotonic character f and the convergence of the 
integral, or of either series, are sufficient to ensure that all three converge and that 
the limit of either series as h — O* is equal to the value of the integral. For, if 
A( f(A) + f@Qh)+- --) is convergent, so also is h(f() + f(A) + f@h)+--- ), 
and the difference of their sums, i.e., 1f (0), tends to zero as h > 0. Thus 


pate = / a 


[0,00) 


Bromwich and Hardy study the existence, and evaluation, of improper integrals 
of the second type by means of sums of the form h )°7°., f (Ak) for positive values 
of h. Now, in this setting, monotonicity is essential; the fact that f is positive 
and continuous and that the improper integral of f is convergent is not enough 
to ensure the convergence of such sums for all positive values of h. To see this, 
let f(x) = 1 whenever x = 2”. Then, if h = 2~”, the series includes the terms 
fC), f@), f@, ..., and therefore diverges. But, graphically or otherwise, it is 
easy to define a continuous function f that has the values prescribed above, and yet 
its improper integral converges to any assigned value. 

The situation is different, however if f decreases steadily as x increases to ov, 
and an important ingredient in the proofs is Abel’s Lemma. Specifically: 


Abel’s Lemma Let {ux}, {vx} be sequences, and let Uk = = up. Then, 


n—-1 
a= = So UE Ue — VE41) + Undn. 
k=1 k=l 


Moreover, if vk = 0, and the sequence is decreasing, then 


n 
uae | < vy max |U;|. 
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We are now ready to prove the convergence results: 


Theorem 28 Let f be a function defined for x > 0 that is Riemann integrable on 
[0, r] for all r and that satisfies the following property: there are constants K and 
M so that 


/ flex, for all M <& <&". (111) 
£8] 


Further suppose that g is a nonincreasing function defined for x > 0 that is 
Riemann integrable on [0,r] for all r, which tends to 0 as x —> oo. Then, the 
improper Riemann integral Sto ae SQ converges. 


Proof Since f¢ is integrable on [0, r] for all r, to verify the conclusion, it suffices 
to prove that, given ¢ > 0, there exists M’ such that 


[/ fol se. forall M’ <& <&’. 
§,€"] 


Put J = [&,&’], and let {J}, J? = [xk1, xk,r] be the partition of J in TM. 
consisting of n equal sized intervals. Since f is integrable on J, f is bounded there 
by c, say, and, therefore, Sin Ifl<c [Te | =c|/I|/n, forall <k <n. 

Write now 


t=] fo= > fry Gay Te 
k=1 


say. Since J, — 9(xx.r) Sip a Sip f (gv — (x,r)), by the monotonicity of ¢g, it 
follows that 


| Je - v(rie) f f | < (9@K0 - 9@x,r)) i: Rak 
i B 
Whence summing, since x1) = &, we have 
ly - Yi f fis) < Do (64) — 6.0) ) |. if 
< " mex J 111) (gto) — #tsn)) < olB)elt/n 


Also, by Abel’s lemma, 


| Seen) f f|-=max| > f f | eer), 
k=l qe jae 
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where by (111) above since g(x1,-) < g(&), and with &’ running over € + (&’ — 
&)k/n, 


k 
max| > f f|=max| | f\<K, 
kG KON SME E+E Ok /n] 


gives that 


| Secu. | f |< Ky). 
k=l Ke 


Therefore, for n sufficiently large, putting everything together, 


Wis|J# Dotnn fs] se@eltiin+ K 0G). (112) 
k=1 Th 


Finally, given e¢ > 0, pick M” such that g(x) < ¢/K for M” < x, and let 
M' = max (M, M"). This gives the conclusion. Oo 


Our next result addresses the representation of the improper integral by means of 
a single limit. In this sense, we have: 


Theorem 29 Let f be a function defined for x > 0 that is Riemann integrable on 
[0, r] for all r and that satisfies the following property: there are a small positive 
real a and a constant K, so that, for0 <h <a and all integers ny < no, 


n2 


h| y- fk | <K. (113) 


k=n, 


Further suppose that g is a nonincreasing function defined for x > 0 that is 
Riemann integrable on [0,r] for all r and that tends to 0 as x — oo. Then, the 
improper Riemann integral of fy converges, \¢—, f (kh)y(kh) converges for h < 
a, and we have 


a eae = [ fo. (114) 


[0,00) 


Proof We begin by considering the integral. Since f is Riemann integrable on 
[é, €’], f is (U) integrable there, and, consequently, 


[é’/h] 
f= w | f = lim h f (kh), 
= [é,é/] hor d 


k=[€/h}+1 
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and so by (113), it follows that | fi. en f | < K. Then, by Theorem 28, 


|[. felsxow, ane’ >e. (115) 
[§.6/] 


Now, given € > 0, if we pick € large enough so that Kg(&) < «, then from (115) 
it follows that the improper Riemann integral of fg converges. Furthermore, since 
(115) holds for all &’ > &, we also have that 


if fel sk). (116) 


As for the sum, for h < a, by Abel’s lemma, for any 2; < n2, we have 


li x F(kh) p(kh)| 2 ane 


h YY fH) poh) 
k=n, 


pou nysm<nz 
< K g(nih), (117) 
and, therefore, 
n2 
lh D2 Fh) oKM)| = KOE), (118) 


k=n, 


as long as nh > &. 
Now, with h < a fixed, given ¢ > 0, pick n; large enough so that p(mjh) < 
he/K, and note that from (118) it follows that 


ng 
| ofan) gah)] <e, 


k=n, 


which implies that the sum on the left-hand side of (114) converges for each h < a. 
Moreover, from (117), as long as njh > &, it follows that 


lh 32 FA) glk] < Kee). (119) 


k=n, 


Fix € > 0 now so that g(€) < ¢/3K. Then, since fg is Riemann integrable on 
[0, €], and so (U) integrable there, we have 


[§/h] 


fo= lim h ¥~ fkh)g(kh). 
[0,€] h->0+ » 
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Therefore, we can pick 0 < h < a@ such that 


[&/h] 
| i; fo-—h Y~ fkhyg(kh)| < €/3. (120) 
[0.1 a 


With this A fixed, look at [§/h] + 1. Then, 


(E+) enQ)ae 


and, consequently, [&/h] + 1 = n in (119), and therefore, 


lh > fh) pM) = KE) <€/3. (121) 


k=[E/h]+1 


Hence, by the triangle inequality, combining the (120), (116), and (121), 


Lf fend ramocen) 
[0,00) k=1 


[§/h] 
s|f\fe- Ye Seine) 


+f rol+ |p 3 f (kh) p{kh)| < «. 


k=[E/h}+1 


This completes the proof. oO 


Interesting instances of Theorem 29 are obtained by letting f(x) = sin(x) or 
f (x) = cos(x). Now, the case when g(x) — 00 as x — OF falls outside the scope 
of Theorem 29, but this difficulty is not essential [12]. Indeed, if all the conditions 
of Theorem 29 are satisfied except that p(x) — oo as x — 0+ in such a way 
that fg is positive and monotone in a neighbourhood of the origin and 4 sa f@ 
converges for some a > 0, then by (i) of Theorem 22, f@ is (U) integrable on that 
neighbourhood of the origin, and (117) above holds. The proof proceeds then as 
before, and the conclusion of Theorem 29 holds. 

This observation applies to the following setting [54]. Let 


vih)=>> _ (1—cos(kh)), O<s <2. 
k=1 


We are interested in evaluating 


_ wh) _ w'(h) 
lim , and, li ‘ 
h>o+ hs 
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Observe that 


1—cosx _ , sin*(x/2) 


xlts xits 


is positive and monotone near 0, and all the above conditions are met. 
Then, 


_ wh). 1d 
Abe ie = altos Da gras (1 — cost) 


/ 1 —cosx A 
— AS A 
ice atts 2sT(s) sin(sa/2) 


Similarly, since 


[o.@) 


va=¥ a) wt) ay sin(kh) 
k=1 ; k=] 


and, consequently, 


vit) _ yn Oe sin(kh) 


not Ae! pot eth) 


_ sin(x) 7 IT 
a i xs 4 (s)sin(sx/2)" 


We also have the following result, the proof of which being similar to that of 
Theorem 29 is left to the reader [12]. 


Theorem 30 Let f(x) be a function defined for x > 0 that is Riemann integrable 
on [0, r] for all r and that satisfies the following property: there is a small positive 
real a, so that, for0 <h <a, given € > 0, there is an integer M such that for all 
integers M <n, < no, 


ng 


h| > fy] se. 


k=n, 


Then, f has a convergent improper Riemann integral given by 


ioe) 
lim AY f(kh) = / 
h—>0O+ d f [0,00) f 
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Furthermore, suppose that p(x) is a nonincreasing function defined for x > 0 
that is Riemann integrable on [0, r] for all r that tends to a limit L > 0 as x > ov. 
Then fp has a convergent improper Riemann integral given by 


lim h kh)p(kh) = : 
lim, dF )p(kh) [te 


We will consider briefly the concept of simple integral, which informally 
corresponds to that of dominated integral for improper integrals of the first type. 
Let f be a real function defined on [0, 00). We say that f is simply integrable if 
there is a number J with the following property: For every e > 0, there are numbers 
B and 7 such that 


> F (Ck) ke — xe-1) —1| Se, 
k=1 


provided that b > B, and P = {J;} is a partition of [0, b] with ||P|| < , and 
Je = [xe-1, Xk], 1 < k <n, with x9 = 0, x, = b, and the tags cg, € Jp, 1 <k <n. 

The number J (which is unique) is the simple integral of f, [72]. Now, if f is 
simply integrable, f is improperly Riemann integrable and J = tr 0,00) f. 

The function f(x) = (sinx)/x is not simply intestable. while g(x) = 
(sinx*)/x? is. Informally, f is simply integrable if the Riemann sums of f 
associated with partitions P of [0, b] approach a (finite) limit as long as b > oo 
and ||P|| — 0 simultaneously. 

There are equivalent formulations of the way we look at simple integrable 
functions. We say that a function f on [0, 00) satisfies the infinite-Riemann-sum 
condition on [0, oo) iff there is a number J with the following property: For each 
€ > 0, there is 7 > 0 such that if 0 = x9 < x1 <...,X%, XR > CO, Xe — XR-1 < N 
and xp_-1 < cy < x, fork = 1,2,... then the series ar FS (ck) (Xk — XK-1) 
converges and 


[do Peder —m) - 1] <8, 


k=1 


Then, f is simply integrable iff f satisfies the infinite-Riemann-sum condition 
on [0, oo), in which case J = Sro.c0) J, [59]. And, in that paper, it is proved that 
a function f defined on (0, 1] is dominantly integrable iff it satisfies the infinite- 
Riemann-sum condition on (0, 1]. In fact, it is the case that infinite sums are 
applicable to Riemann integrable functions as well [29]. Of course, there are similar 
characterizations with oscillations. 


Chapter 7 ®) 
Coda cen 


It is natural, and of interest, to extend the results we have discussed to the context of 
Riemann-Stieltjes integration [100], with applications, for instance, to stochastic 
integrals [60]. In this closing chapter, we outline the extension of the modified 
Riemann sums, pattern and uniform integrals, distribution functions, and quadrature 
formulas. The proof of these results is built on our previous results. 

We will begin by introducing the necessary definitions and notations. Fix a closed 
finite interval J = [a,b] C R. We will henceforth assume that W is an indefinite 
integral on J, i.e., there is a nonnegative Riemann integrable function w defined on 
I, such that 


W(x) = W(a) + wv, xel. (122) 


[a,x] 


W is then a continuous, monotone increasing function defined on 7; such functions 
have been characterized in [96]. 

Let I] be an admissible family of partitions of J. For a partition P = {11,..., Im} 
of J in II, where Zk = [xx,1, xXx,r], 1 < k < m, and a bounded function f on J, let 
U(f, Y,P) and L(f, Y,P) denote the upper and lower Riemann sums of f with 
respect to ® on J along P, i.e., 


m 


Uf, YP) = Y> (sup f) (Yr) — VK): 


k=l Ik 
and 
m 
L(f,Y,P) = D1 (int f) (YOK) — YO), 
k=1 ‘ 
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respectively, and set 


Un(f, ¥) = inf U(f,¥,P), and, Ln(f,¥) = sup L(f, v,P). 
Pell Pen 


We say that f is Il-Riemann-—Stieltjes integrable with respect to VY on J if 
Un(f, Y) = Ln Cf, WV), and in this case, the common value is denoted i f dW and 
is called the Il-Riemann-Stieltjes integral of f with respect to V on I. This integral 
has similar properties to the []-Riemann integral, and the proofs will be omitted 
[100]. In particular, the sequence {S(f, Y, Pn, C)} of arbitrary Riemann sums of f 
with respect to VY on J corresponding to the tagged partitions {P,,} C Ie, consisting 
of the intervals P, = {I/',..., 77}, with I? = [XK > Hf ols given by 


SCF V.Pn, C)= > fq) (VAL) - Vag), eek, 
k=1 


which lie between L(f, V,P,) and U(f, Y, P;,), will also converge to the common 
limit above, i.e., 


lim S(f, ¥, Pn, C) = / fdw. (123) 
n T 


Integrability can also be characterized in terms of the oscillation of a function 
[13, 46, 100]. A bounded function f is Riemann-Stieltjes integrable with respect to 
W on / iff, given ¢ > 0, there is a partition P = {7x} of J, which may depend on e, 
such that 


Yi ose (f, Ik) (WO) — YOR) <& (124) 
k 


And, a sequential characterization holds, to wit, (124) is equivalent to the 
existence of a sequence of partitions {P,,} of J consisting of the intervals P, = {I Hae 
with I? = [xz ,, xz ,.], such that 


lim Yo ose (f, If) (YOx,) — Vox) = 0. (125) 
k 


Also, by the Theorem in Appendix I, f is Riemann-Stieltjes integrable with 
respect to W on J iff fw is Riemann integrable on 7. Other properties, such as (5) 
above, also hold in this context with similar proofs. 

We will now introduce the notion of modified Riemann sums . Let ® be a set 
mapping defined on the subintervals J of J that assigns to each J C J a subset 
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J! = ®(J) C I with the following properties: 

(i) X@ J) is Riemann integrable, and so, the Y-length |! lw of J! is well-defined 
as |J'|y = Oif J' = 9, and |J"|w = f; xocsy VW, otherwise. 

(ii) There exists 7 > 0 such that J! = ®(J) C J, whenever |J| < 7. 


Given a partition P of J consisting of intervals [,..., Im, we will denote with 
P! the collection of subsets of J consisting of I} = O()j),..., eo = P(In), say, 
and set 

m m 

u(f,¥,P')= >> (sup f)llw, and, 1(f,¥,P')= >> (inf f) It hw. 

k=l | k=l fk 


We call these expressions the modified upper and modified lower Riemann sums of 
f with respect to V along F on TI, respectively, and set 


u(f, ) = infu(f, w,P!), and, 1(f,¥) = sup l(f, v, P!). 
P 


Note that /(f, Y) < u(f, WV). We say that the modified Riemann sums of f 
with respect to VY on I converge if u(f, V) = 1(f, WV). In this case, the (arbitrary) 
modified Riemann sums of f with respect to ¥ on I given by 


m 
sfUP'C)=)  faplklw, we, (126) 
k=1 


which lie between /(f, WY, P') and u( LUP !), will also converge to the common 
limit above in a sense similar to the one that was made precise in Theorem 14. 

We will illustrate the concept of modified Riemann sums in two instances, to wit, 
when | J!| is a function of | J|—linear for the example that motivated our results, and 
in general nonlinear—, and when ®(J) depends on the location of J. 

We begin with the former case: 


Example 4 With a a fixed constant, 0 < a < 1, let @ be a nonnegative function 
defined on [a, a + |/|] that satisfies: (1) 6(@) < t—a, fora < t < f, for some 
constant B <a + |/|, (ii) d(a@) = 0, and (iii) @ is right-differentiable at t = q, i.e., 
given €¢ > 0, there exists 6 > 0 so that for p'. (a), 


d(a +t) 


= g'.(@)| <e, whenever 0 <t <6. (127) 


Let the mapping © be defined on the subintervals J of J as follows: ®(J) = J!, 
where x 7) is Riemann integrable, and | J '| = b(a+|J|). Then, if f is Riemann— 
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Stieltjes integrable with respect to VY on J, fy is integrable on J, and 
uA =a) f fy, 
I 


First observe that ® is well-defined. Indeed, for |/J| < 6 — a, we have |J!| < 
(a + |J|) — a = |J|, and so we may, and do, pick J' = ®(J) C J. 

Now, f is integrable with respect to W on J iff fw is integrable on J, and 
i pfav= if , J Ww. Actually the proof of the necessity, which is what is needed 
here, is essentially contained in the reasoning below for @(t) = t and ®(J) = J, 
all J. 

Let the sequence of partitions {P,} of J satisfy simultaneously (5), hence also the 
equivalent of (54), for f with respect to W, and (5), hence also (123), for fy, and 
(6) for w. Let N be such that |7|/N < min(é6, 6 — a), and consider P,, forn > N. 
If P,, consists of the intervals {J/"}, P}, is the collection {77 1) with I Cc I", and 


1 
Up l= e@+ ip). 
Observe that for a in I, | we have 


s(f,UPr) = > FOR UE lw 
k 


= Doser [i vob) +O rot hworh unt 
k k 
= An + Br, (128) 
say. Now, since 
ts [y= WOR )| < ose (hE < ose Oh, HE, 


with My abound for f, by (6), it follows that 


limsup|An| < M, limsup > ose (Wr, 1) [17 | = 0. (129) 
n n 
k 
As for By, it equals 


Yo FORD VOP) o@+H ED 
k 


rly y patty (PO FUED ar Vi 
= Lifer hve (Fa ee) 


+ 6/0) > fae Woe) El = Cn + Dn, 
k 
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say. Since for the intervals //' in P,, we have |J;'| < 5, by (127), Cy is bounded by 


fer") were — #.(@)) I 
k 
jo 


"| — #/,(a)| [7p < My My \l\e, 


2) (fGP Gr 
k 


which, since ¢ is arbitrary, implies that 


lim sup |C,| = 0. (130) 
n 


Also, 
Dn = $5, (a) S(f , Pn). (131) 


Hence, combining (128), (129), (130), and (131), it follows that 


u(f, ¥) =lims(f, W,P}) = o,(a) lim S(f Wr, Pn) = $1,(@) / fi 


and we have finished. 

The choice $(t) = y t above and the corresponding mappings ®,,0 < y < 1, 
which assign to an interval J C I, ®y(J) = J! c 1, where X,1 is Riemann 
integrable on J, and J! is of relative length y in J whenever |/| < n, apply to the 
signal retrieval result described in the introduction. As anticipated, in this case, the 
modified Riemann sums of f with respect VW on J converge to y ty. 

Along similar lines, with a € (0, |/|], let @ be a nonnegative function defined 
on [a — |I|, a] that satisfies: (i) 6(t) < a — 1, fort in a left neighbourhood of a, 
(ii) 6(a@) = O, and (iii) ¢ is left-differentiable at ~. Then, define ®(J) = J | where 
|J'| = @(@ — |J|). Note that g(a — |J|) < a — (a — |J|) = [J|, for |J| small. 
Then, for these values, we may, and do, pick J ' = @(J) C J with Xo) Riemann 
integrable. The reader will have no difficulty in proving that in this case we have 


u(f, ¥) = ca) | fv. 


The following is an instance where the mapping ® depends on the location of 
the intervals J. 


Example 5 Let 4 be a continuous function such that A > 1 on J, and letO < y < 1. 
Then, for an interval J = [c,d] C I, let ®(J) = J!, where J! = [c, c’] is such that 
MC) free ¥ = vf, 5 since c! < d, J' c J. Then, if fA is Riemann-Stieltjes 
integrable with respect to VW on J, f is Riemann-Stieltjes integrable with respect to 
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W on /, and 
u(fa.¥)=y f fav. 
I 


The proof of this result is left to the interested reader. 

Along similar lines, there are expressions that reflect a change of variable formula 
for the Riemann-Stieltjes integral; general results in this direction can be found in 
Appendix I. 

In this setting, we have two results, the first of which is: 


Example 6 Let 4 be a bounded, Riemann integrable function on J such that A > 1 
on J, and let Y be an indefinite integral of 4 w. Fix 0 < y < 1, and for each interval 
J = [c,d] C I, pick c’ € I such that Steet? ¥ = yf, W. Let ® be defined by 
o(J) = J! = [c,c'] C J. Let f be integrable with respect to Y on J. Then, f is 
Riemann-Stieltjes integrable with respect to VW on 7, and 


uifr=y | fav. 


The proof is left for the interested reader. 
And, we consider the second result next: 


Change of Variable Formula Given a nondecreasing Lipschitz function A on I 
with Lipschitz constant 1, let ®(J) = J! C I, where, if J = [c,d], |J'| = 
A(d) — A(c). Then, if f is Riemann—Stieltjes integrable with respect to V on T, 
fw is Riemann-—Stieltjes integrable with respect to A on I, and 


u(f, w= | fyaa. 


Proof Note that since (A(d) — A(c)) < (d —c), it is possible to pick J! C J with 
XJ) Riemann integrable, and we do so. Next, by the theorem in Appendix I, if f 
is Riemann-Stieltjes integrable with respect to VW on J, fy is Riemann integrable 
on J, and since for J = [c, d], (A(d) — A(c)) < (d —c), from (123), it follows that 
Jf w is integrable with respect to A on J. 

Let the sequence {Pf} of partitions of J satisfy the analogous of (5) above in this 
context, and hence (125), for f with respect to W; the analogous of (5) above in 
this context, and hence (123), for fw with respect to A; and (6) above for yw. If P, 
consists of the intervals = [xy IP xe ,], and pl denotes the collection {J is we 
have 


Welw = I. v= fw — Woy) + Wop) (AGE) — AGED), 
k k 
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where the first summand is bounded by 
osc (w, (AG?) —A(xi)) <ose(W, Tf, all k,n. 
Therefore, 


sh UPS yf i le 
k 
= ye fee) — WO) + SUEY A, Pr), 
k k 


where by (6) the first sum is bounded by 


Mr Y— ose (Ww, I) Z| > 0, asn— oo. 
k 


Hence, 
u(f, ¥) = s(f, ¥) = lims(f, V,P,) = lim S( fy, A, Py) = i; fwd, 
n n T 


and the proof is finished. Oo 


We introduce now the pattern Stieltjes integral. As in (72), we consider the 
pattern sums 


(P)S2 FCO YOY) — VED) 
k 


= YD fep(¥OL,) —¥@z)), (132) 


1<k<n,keP 


where the summation is restricted to the subset P of N. 
We then have the Principal Stieltjes Theorem: 


Theorem 31 Let I = [a, b] be a bounded interval in R, suppose that iy and WV are 
as in (122), and let the pattern P satisfy the assumptions of the principal theorem. 
If the function f is Riemann—Stieltjes integrable with respect to V on I, the pattern 
integral of f exists and 


(P) | av =a f fav. (133) 
I I 
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Proof Expanding the pattern sum in (132), we have 


Yo f(D VZ,) — ¥Oz)) 


1<k<n,keP 


= >» re fw -wep) + Yo Flee CeR Ue 


1<k<n,keP 1<k<n,keP 


= A(n) + (P) DO (COVED IL (134) 
k 
say. Now, by (6), with M¢ a bound for f, it follows that 


n 
lim sup |A(n)| < Mf lim sup ) | osc (Ww, 1) (qe | = 0. 
n n 1 


Also, by the theorem in Appendix I, (P) , J W is well-defined, and taking limits 
in (134), by (72), and (73), we conclude that 


(ef rav= rf te=ef rv. (135) 


Finally, again by the theorem in Appendix af, fy = af, f dW, which 
combined with (135) yields (133) and completes the proof. oO 


As for the uniform Stieltjes integral [91, 106], for simplicity, we will restrict 
ourselves to J = [0, 1]. We say that f is uniformly Stieltjes integrable on I with 
uniform Stieltjes integral (SU) , J 4W, if the numerical limit 


[1/<] 
Jim, s f(ck) (Y(ck) — W(c(k — 1) es (su) | Faw 


exists. 

We will prove two basic results, namely, that the uniform Stieltjes integral 
extends the Riemann-Stieltjes integral (properly) and that the uniform Stieltjes 
integral reduces to a uniform integral. 

We begin with the former result: 


Theorem 32 Let J = [0, 1], and let w, WV satisfy (122). Suppose that f is Riemann— 
Stieltjes integrable with respect to YW on I. Then, f is uniform Riemann-Stieltjes 
integrable on I, and 


isu) | fav = | fav. 
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Proof For small c > 0, letn = (ie), and J = [c(k — 1), ck], 1 < k < n; if 
cn < 1, let Jue = [cn, 1], andif cn = 1, let Jd = §. Then, Q, = eke Fee Irv 
is a partition of [0, 1], with |J/'| = c, 1 < k <n, and, as in Theorem 21, | J” 


nil = 
O(1/n). Then, with 44 € [cn, 1], we have 


Ys f(ck)(Y(ck) — W(c(k — 1») + fc, 1) (WA) — Y(cn)) 


k=1 
= S(f, V,Q,,C)+ OU/n), 


and so, 


[1c] 
(su) [ fay = lim, x f(ck) (Wick) ~ Wek — »)) = | fay. 


as we wanted to prove. Oo 
In analogy with the theorem in Appendix I, we have: 


Theorem 33 Let I = [0, 1], assume that w, V are defined on I and satisfy (122), 
and let f be a function defined on I. Then, f is uniform Stieltjes integrable on I iff 
fw is uniform integrable on I, and the uniform integrals are equal. 


Proof And by now familiar computation gives that 


n n 


DY feb) (YEb) = WeKk=D)) =e HVC) +A, (136) 


k=1 k=1 
where 
A(n) =~ rioty( f (vy — W(ck)). 
k=1 k 
Now, 


n 


|A(n)| < Mp D> osc (W, HD [JZI# ose W, I) IO 


k=1 
n+l 
< (My +1) D> ose(, Jf) JZ| + OU1/n), 
k=1 


and, therefore, since w is integrable, by (6) in Proposition 1, we have lim, | A(”)| 
= 0. 
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Whence, if the limit of either side of (136) exists, so does the limit in the other 
side and they are equal. Thus, 


[1/e] [ue] 
Jim, dX F(ck) (W(ek) — (elk) = im, ¢ > f (ck) W(ck), 


and the conclusion obtains. oO 


We will now discuss asymptotically W-distributed sequences mod |. Let WV : 
[0, 1] — [0, 1] be a monotone function with Y¥(0) = 0 and W(1) = 1. A sequence 
{xx} is said to be asymptotically V-distributed mod 1 if for all0 < a < b < 1, we 
have 


1 n 
lim — Y 7 Xa,o (xx) = Yb) ~ Va). (137) 
k=1 


Then the following characterization holds: 


Theorem 34 A sequence {x,} is asymptotically V-distributed mod | iff for all 
Riemann-Stieltjes integrable functions g with respect to Y on (0, 1], 


1 n 
lim — J g(xx) = [ vav. (138) 
ss 7 


Proof We will consider necessity first. Let g be a step function, g(x) = >), cnxs,; 
where {Jy} is a partition P of J, with J, = [xn1, Xp,r]. Then, 


; 1 n ; 1 n 
pies 2 > Ch XJ, (Xk) = > ses > XIn (Xk) 


k=1 h h 4 
= 2 (Yon) = (xn) = [vay 


Now, given a Riemann-Stieltjes integrable function g with respect to VY and a 
partition P = {J} of I, let m, = infy, g, and My, = sup ;, Y. Then, 


A n I n 
lia b* » Mh XJ, (Xk) = s. 7 >». XIn Xk) = LG, VP), 


k=1 h h k=1 


and, similarly, 


1 n 
lim — » Yo Mnxs, (Xk) = U,V, P). 
=l h 
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Moreover, since }°, mnxy, < @ < Yo, Mnxy,, throughout [0, 1], it readily 
follows that 


els eS 
L(g, ¥,P) < liminf — } 7 g(xe), and, lim sup — )° olan) < U@, YP), 
ae et = 


and, consequently, 


1 n l n 
0<ii = — lim inf — 
< HeUp = 2%) imin 7 2 CH) 


= Ug, W, P) = L(g, W, P), 


which, since g is Riemann-Stieltjes integrable with respect to VW, tends to O as 
||P || — 0. 
Thus the limit exists. Moreover, since 


1 n 
[vay = Lg, ¥) < supL(y, ¥,P) < lim— } g(ax) 
I P ee =r 


and 
n 
_ i ; 
lim — ) g(x) < infU(g, ¥,P) =U@, ¥) = [oay, 
aL 2 P I 


it readily follows that (137) holds, and the proof is complete. 
The converse follows by setting @ = x{a,p) in (137). i 


Finally, quadrature. For simplicity, we restrict ourselves to J = [0, 1]. Given 
W that satisfies (122) and a function f defined on (0, 1] that is Riemann-—Stieltjes 
integrable with respect to VW on [a, 1] for all 0 < a < 1, we say that the 
improper Riemann-Stieltjes integral of f with respect to WV converges and has value 


Stor. £ TY, if 


lim fdv = / fdw. 
[e, 1] (0+, 1] 


e>0t 


We are interested in the extension of the sufficiency of Theorem 27 in this setting. 
We will begin by showing a preliminary result: 


Proposition 21 Let f be a function defined on (0, 1] that is Riemann integrable 
on the closed subintervals [a,b] C (0, 1], and suppose that WV satisfies (122). 
Then, f is Riemann-Stieltjes integrable with respect to V on each [a,b] C (0, 1]. 
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Furthermore, if the improper Riemann integral Stor. y] | f| converges, then the 
improper Riemann-Stieltjes integral Stor. Y f dW converges. 
Proof Given an interval [a,b] Cc (0, 1], let P = {Ik}, Tp = [xe-1, xx], 1 < k < m, 
be a partition of [a, b]. Then, since |W (xx) — W(xe-1)| < My lee — xx—1], alll 
1 < k < m, the Riemann-Stieltjes integrability of f with respect to W on each 
[a, b] follows readily from (124) and (6). 

Thus, f is Riemann-Stieltjes integrable on each closed subinterval of 7, and so 


the Riemann-Stieltjes integral Jina fdw exists for every 0 < n < 1. We claim 


that, given ¢ > 0, if 7 > O is sufficiently small and 0 < 7; < n2 < n, then 


Lf rav| = 
[n,n] 


which will complete the proof. To see this, letQ = {J1,..., Jm}, Jk = [xx-1, Xk]; 
1 <k <™m, bea partition of [71, n2], and observe that with & € Jz, 


erent W(x) — YOr1))| S My oF EOI (xe — xe-1), 


k=1 


M, being a constant. Therefore, 


| fav| < My f fis My [ If 
[m1.72] [m1.72] [0+ 7] 


which tends to 0 as 7 tends to 0*. Hence, Sit | f dW converges as long as V 
satisfies (122), and the proof is finished. oO 


’ 


Suppose now that 0 < 6 < 1, that the family of partitions {P,,} satisfy (106) 
above, and that W satisfies (122). We then say that the sequence {®,} of functionals 
on the set of functions / defined on (0, 1] is a Q-sequence corresponding to WV, if 
each ®, is given by 


Mn 


®,(h) = mM h(ct) (x8 —22_,), m= 1,2,..-, (139) 


with the property that for every function f that is Riemann-Stieltjes integrable on J, 


lim @n(f) = f fav. (140) 
n I 
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Now, applying (139) and (140) toh = xy, it readily follows that a necessary 
condition in this case is that 


My 


lim) > wi xp—xt j= : 
ma t (xe — 24-1) uv 


[0,1] 


which we will assume. We will also assume that jw | < M, fork = 1,....mn, 
n= 1,2,... We then have: 


Theorem 35 Let f be a function defined on (0, 1], and suppose that ¥ satisfies 
(122). Then, if f is dominantly integrable, each Q-sequence {®,} corresponding to 
W converges, and in this case lim, ®,(f) = trot.) fay. 


Proof First recall that by Theorem 25, the improper integral Stor. 4 | f| converges, 
and so, by Proposition 21, the improper Riemann-Stieltjes integral hot. yl f dW also 
converges. Given ¢ > 0, we claim that 


Lf. fav en | se 


provided that n is sufficiently large. We will estimate this quantity as in Theorem 27. 
First, since the improper Riemann-Stieltjes integral of f converges, for nj < 1 
sufficiently small, it follows that 


[/ fay| < 6/3. (141) 
[0+ 8] 


m, 


Also for nz < 1, consider 07", wit xX[0,s2) (Ch) f (ch) (x? — xf_,), which, by 
(110), is bounded by < ¢/3, for 72 sufficiently small, independently of n. If we pick 
now 7 = min (71, 72), (110) and (141) hold simultaneously for 7, independently of 
n. 

Finally, taking into account the above estimates, 


Lf, Fae nt 


Mn 


< if : fdvu— = WE Xtan. (CRIS (ee) (xR —- xf_.)| BR, cn 
n, 


k=1 


where, by (140), the first summand above can be made < ¢/3 provided that n is 
large enough, and the proof is finished. Oo 


Reflecting on the learning and teaching of Mathematics, Alberto P. Calderon 
proposed the exercise of understanding what is a screwdriver [16]. He noted that it 
would be possible to write hundreds of pages describing in great detail the nature 
and substance of the handle, the chemical, physical, and crystalline structures of 
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its metal parts, the detailed description of its geometric shape, the processes of 
preparation, and manufacture of its elements. But, having done all of this, do we 
really know what a screwdriver is? He suggests that we do not. To find out, it is 
necessary to answer the fundamental question of what a screwdriver is for. Until 
then, our knowledge of screwdrivers will be precarious, for understanding is only 
possible through the understanding of their function or purpose. And this is what 
we have done in this monograph: we have inspected in detail the structure of the 
standalone Riemann integral and illustrated its use. 


Appendix I 


Change of Variable Formulas for Riemann Integrals 


This appendix consists of a streamlined version of the article “The change of 
variable formulas for Riemann integrals” that originally appeared in Real Analysis 
Exchange, Vol. 45, No. 1, 2020, pp. 151-172, published by Michigan State 
University Press. The original version can be found at https://doi.org/10.14321/ 
realanalexch.41.1.0151. 

So, we address here the change of variable, or substitution, formulas for Riemann 
integrals. First, we consider the general formulation by Preiss and Uher [78] of 
Kestelman’s result pertaining the change of variable formula for the Riemann 
integral [24, 53]. Specifically: 


Change of Variable Formula, Riemann integral Let gy be a bounded, Riemann 
integrable function defined on an interval I = [a,b], and let ® be an indefinite 
integral of p on I. Let f be bounded on ® (1), the range of ®. Then, f is Riemann 
integrable on ®(1) iff f(®)@g is Riemann integrable on I, and in that case, with 
L =[(a), Pd)], 


[r= [t@e. (142) 


Developments in this area since Kestelman’s influential paper, as well as the 
various strategies utilized, can be found in [6, 15, 16, 62, 71, 87, 97], and the 
references therein. 

Since only basic properties in the theory of Riemann and Riemann-Stieltjes 
integration are invoked in the proof of this result, it is natural to consider a 
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similar formula for Riemann-Stieltjes integrals. The prototype in this setting is the 
following: 


Substitution Formula, Riemann-Stieltjes Integral Let y be a bounded, Riemann 
integrable function defined on an interval I = [a, b] that does not change sign 
on I, and let ® be an indefinite integral of p on I. Let w be a bounded, Riemann 
integrable function defined on ®(1), the range of ®, and let V be an indefinite 
integral of W on ®(Z). 

Then, if a bounded function f defined on ®(1) is Riemann-—Stieltjes integrable 
with respect to V on BC), f (®)w(®) is Riemann-—Stieltjes integrable with respect 
to ® on I, and in that case, with I = [®(a), ®(b)], 


[fav = | ro woe, (143) 
I 


Note that the substitution formula holds when the Riemann-Stieltjes integral 
is computed with respect to an arbitrary function W, and the substitution ® is 
invertible. We also prove that the change of variable formula for the Riemann— 
Stieltjes integral holds when W is monotone, or the difference of monotone 
functions, and ® is not necessarily invertible. We close with the caveat that, no 
matter how general our results are, it is possible to obtain an instance of the change 
of variable formula that does not follow from them. 

For the sake of making the presentation self-contained, we recall some definitions 
and notations. Fix a closed finite interval J = [a, b] C R, and let ® be a continuous 
monotone (increasing) function defined on /. For a partition P of J and a bounded 
function f on I, letU(f, ®, P) and L(f, ®, P) denote the upper and lower Riemann 
sums of f with respect to ® on J along P, and set U(f, ®) = infp U(f, ®, P) and 
L(f, ®) = supp L(f, ®, P). 

We then say that f is Riemann-Stieltjes integrable with respect to ® on J if 
U(f, ®) = L(f, ®), and in this case, the common value is denoted iF f d®, the 
Riemann-Stieltjes integral of f with respect to ® on J. When ®(x) = x, one gets 
the usual Riemann integral on J, and ® is omitted in the above notations. And, when 
it is clear from the context, integrable means Riemann-Stieltjes integrable with 
respect to P(x) = x, and Riemann-Stieltjes integrable means Riemann-Stieltjes 
integrable with respect to a general ®. 

The following are working characterizations of Riemann-Stieltjes integrability 
[13, 46, 98]. A bounded function f defined on J is Riemann-Stieltjes integrable 
with respect to ® on J iff, given ¢ > O, there is a partition P of 7, which may 
depend on ¢, such that 


U(f, ®, P) — L(f, ®, P) < «. (144) 


Furthermore, a sequential characterization holds, to wit, (144) is equivalent to 
the existence of a sequence of partitions {P,,} of J such that 


lim (U(f, ®, Pn) — Lf, ®, Pn)) = 0, 


Appendix I 147 


and in this case, 
liimU(f, ®,?,) = lim L(f, ®, P,) = | rae. (145) 
n n T 


Integrability can also be characterized in terms of oscillations, to wit, a bounded 
function f is Riemann-Stieltjes integrable with respect to ® on / iff, given ¢ > 0, 
there is a partition P = {J} of J, which may depend on ¢, such that 


YS ose (f, Lk) (P(x) — PXe,))) < €. (146) 
k 


And, a sequential characterization holds, namely, (146) is equivalent to the 
existence of a sequence of partitions {P,} of J consisting of the intervals P, = {Ij} 
with 7? = [xz ,, x;.,], such that 


lim Y= ose (f, If) (POxg,.) — O(a) = 0. (147) 
k 


These characterizations do not necessarily hold if ® fails to be monotone. 
Moreover, note that if (144) holds for a partition P, it also holds for partitions ?” 
finer than P. Invoking (174) below, this observation applies to other concepts as 
well, including (145), (146), and (147). 

Finally, since ® is continuous and increasing on 7, ®(/) is an interval J = 
[®(a), P(b)] with endpoints ®(a) and ®(b). Note that each interval J = 
[y1, y2] C Z is of the form [®(x1), ®(x2)], where ®(x1) = y1, (x2) = yo, and 
[x1, X2] is a subinterval of 7. Moreover, partitions P of J induce a corresponding 
partition Q of J, and, conversely, every partition of J can be expressed as Q for 
some partition P of I. 


The Substitution Formula 


We prove a result that includes the familiar substitution formula for Riemann— 
Stieltjes integrals [5]. The case V(x) = x is of some interest because for integrable 
f, the composition f(®) turns out to be Riemann-Stieltjes integrable, although 
f(®) may fail to be integrable, even if ® is continuous [37, 53]. 


Proposition Let ® be a continuous monotone function defined on I and V defined 
on I = (1). Let f be a bounded function on I. Then, f is Riemann-—Stieltjes 
integrable with respect to V on I iff f(®) is Riemann-Stieltjes integrable with 
respect to V(®) on I, and in that case, we have 


[rav= | rave, (148) 
tL I 
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Proof Specifically, (148) means that, if the integral on either side of the equality 
exists, so does the integral on the other side and they are equal. To see this, let the 
partition Q = {£,} of L correspond to the partition P = {1,} of J such that £, = 
[P(xxK,1), B(xx,-)], where Ik = [xx,1, Xx,-]. Then, since sup, f= sup, Ff(®), it 
readily follows that 


UFV.Q=)) fy f) (YW(@ Ox.) — U(x) 
k k 


=> (sup f(®)) (Y(@Qxr)) — VCP Ox) = UF (®), ¥(®), P), 
k k 


and similarly, L(f, VW, Q) = L(f(®), V(®), P). (148) follows at once from these 
identities. oO 


Change of Variable Formula, Riemann Integral 


We begin by proving a result that reduces the computation of a Riemann-Stieltjes 
integral to that of a Riemann integral [63]. Let g be a bounded, Riemann integrable 
function defined on J = [a, b], and let ® be an indefinite integral of g on /, i.e., 


ou) =o + | yg, xel. (149) 


[a,x] 


We then have: 


Theorem Let ® be as in (149) with @ positive, and let g be a bounded function on 
I. Then, g is Riemann-Stieltjes integrable with respect to ® on I iff g is integrable 
on I, and in that case, we have 


[eao= | ee. (150) 
I I 


in the sense that if the integral on either side of (150) exists, so does the integral on 
the other side and they are equal. 


Proof Assume first that g is Riemann-Stieltjes integrable, and fix ¢ > 0. Then, for 
a partition P = {1,} of J with I, = [xx,1, xx,r], pick & € J, such that 


U(gy,P) <> sk) PENI +e. (51) 
k 
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There are two types of summands in (151), namely, those where g(&) > O and 
those where g(&) < 0. In the former case, note that 


gE OE Tl = 8(E) (9 (EK) — inf 9) |e a (5x) (inf ¢) a 


< g(&k) ose (p, Ik) |Lil +se0 | g 
k 
= (Ex) ose (p, Tk) kl + gE) (PCr) — POR), (152) 


and in the latter case, since rf Res (sup a 9) |Z;,|, it follows that 


8(EK)O(EK) Tk] = —8(E)( sup 9 — 9(&)) el + 8 (&))(—(sup ¢) el) 
k z 


Tk 


< |g(E)| ose (, Ik) el + (eG) (— i ) 


Tk 


= |g (&)| osc (g, Te) Tel + 8 Ek) (P@x,r) — 0%.) (153) 


Hence, adding (152) and (153), with M, a bound for g, we have 
Yo so) el < Mg D> ose (Y, Me) el + D> 8 Ee) (PO%x,r) — Px) 
k k k 


< Mz Y- ose (y, Ik) [Tel + U(g, ®, P), 
k 


which, by (151), implies that 


U(gy,P) < Mg > osc (y, Ik) [kl + U(g, ®, P) +. (154) 
k 


Applying (154) to —g gives 


—L(g 9, P) < Mg dose (y, Ik) [Tk — L(g, ®,P) +8, 
k 


and adding to (154), we get 


< 2M, 5° osc (y, Ik) kl + (U(g, ®, P) — L(g, ®, P)) + 2¢. 
k 
(155) 
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Let # be a common refinement of partitions of J that satisfy (146) for g and 
(144) for g with respect to ® for the ¢ > 0 picked at the beginning of the proof; P 
then satisfies both conditions. Then, from (155), it readily follows that U(g g, P) — 
L(g¢,P) <2M,e+e+2e,, and therefore, since ¢ > 0 is arbitrary, by (144), gg 
is integrable on /. 

It only remains to evaluate the integral in question. Let {P,,} be a sequence of 
partitions of J that satisfy simultaneously (147) for g and (145) for g. Then, given 
é > 0, from (154), it follows that 


[se- U(g@) < limsup U(g 9, Pn) 
I n 


< limsup M, Y= ose (g, T2) \I¢| + limsup U(g, ®, Pn) + 8, 
n k n 


= [cdot 
I 


which, since ¢ is arbitrary, gives /; 189 i ,g4@®. Furthermore, replacing g by 
—g, it follows that f, gd® < f, gg, (150) holds, and the conclusion obtains. 

The proof of the converse requires no new ideas, and we will be brief. Assume 
that gq is integrable on J, let P = {J} be a partition of J, and, given ¢ > 0, pick 
& € Iq such that 


U(g, ®,P) = >_ (supa) (®(xxr) — P(x) < D> o&) / gte. 
k k k 


k 


Proceeding as in the first part of the proof, we arrive at a relation analogous to 
(155), but with the Riemann sums for g and the Riemann sums for g with respect to 
®, switched, to wit, 


U(g, ®, P) = L(g, ®, P) 


<2Mgz ) osc (g, Ik) el + (U(g 9, P) — Lig g,P)) +28. 
k 


As above, we conclude that g is Riemann-—Stieltjes integrable, and therefore, 
by the first part of the proof, /; 7gdd= i 1&9, (150) holds, and the proof is finished. 
oO 


Proof, Change of Variable Formula, Riemann Integral We are now ready to 
prove the change of variable formula stated in the Introduction. It is at this juncture 
that we drop the assumption that g is positive and allow it to change signs; thus, 
the substitution is not required to be invertible. Then ®(/), the range of ®, is an 
interval, but ®(a), ®(b) are not necessarily endpoints of this interval. It is important 
to keep in mind that the Riemann integral is oriented and that the direction in which 
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the interval is traversed determines the sign of the integral. Also note that the 
assumption that f is bounded is necessary, as a simple example shows [87]. And, 
some care must be exercised since for f(®)g integrable on J and ¢g continuous on 
T, it does not follow that f(®) is integrable on J, [53]. 


The proof is carried out in two parts, when ¢g is of constant sign, and when @ 
is of variable sign. In the former case, suppose first that g is positive. Then, if 
f is integrable on J, by the Proposition, f(®) is Riemann-Stieltjes integrable, 
and {7 f = {; f(®)d®. And, by the Theorem with g = f(®) there, f(®)¢ is 
Riemann integrable on /, and f- ,f(®)dd = J, , f(®) @. This chain of arguments 
shows that if f is integrable on I, f(®)g is integrable on J, and f[ tf= 
ci; 1 J (®) g. Moreover, since all the steps in the above argument are reversible, the 
converse also holds, and the change of variable formula has been established in this 
case. 

When ¢ is negative, let W(x) = —g(x), and V(x) = —®(x). Then by (142) 
applied to g(x) = f(—~), it follows that 


/ a= f aw VW, (156) 
[YW (a), Y(b)] I 

where the left-hand side of (156) is equal to S-e@.-e@) g= few@.eo f, and 
the right-hand side equals [, g(¥) W = J, g(—®) (-g) = — J, f(®) 9g. Hence, 
the change of variable formula holds when ¢ is of constant sign, and the first part of 


the proof is finished. 

Next, consider when ¢ is of variable sign. First, assume that f is integrable 
on ®(J). The idea is to show that Se p f can be approximated arbitrarily close 
by the Riemann sums of f(®)g on J, and, consequently, 1 J (®)g also exists, 
and the integrals are equal [6, 78]. To make this argument precise, we begin by 
introducing the partitions used for the approximating Riemann sums. They are based 
on a partition P of J defined as follows: given n > 0, by (146), there is a partition 
P = {Ix} of 7, such that 


Y> ose (y, Ik) [kl < n° U1. (157) 
k 


We first separate the indices k that appear in P into three classes, the (good) 
set G, the (bounded) set B, and the (undulating) set U, according to the following 
criteria. First, k € G if ¢ is strictly positive or negative on J;. Next, k ¢ B,ifk ¢ G 
and |g| < n on J. And, finally, k ¢ U,ifk € GU B. Note that for k € U, since 
gy changes signs in J,, and for at least one point &; there, |g(&)| > 7, we have 
osc (9, Ix) = 7. 

Recall that each I, = [xx,1, xz,-] in P corresponds to the (oriented) subinterval 
Ty = [P(xx1), P(xx,r)] of PU). Now, since f is integrable on ®(/), f is 
integrable on J,, and if k € G, by the first part of the proof, f(®)qg is integrable 
on J;, and Ve f= Sig f(&) g. Then, by (144), given 7 > 0, there is a partition 
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pk = uh} of I, such that 


U(F(®)9, Pr) — LF (®)9, Pe) = D_ ose (F (®)g, 1) [TK] < n lel: 
J 


Moreover, since iz, f <UF@)¢, Pry, we also have 


u(f@e.P») — [ f <nlkl. 
i 


Hence, for k € G, 


Yo dose (FIG, TUF <1 YO el, (158) 
keG j keG 

and 
| [a f- UF re P5| <0 Ml (159) 
keG keG 


Now, fork € BUU, let PE = {I} denote the partition of J; consisting of the 
interval J. Note that, with My, a bound for g, 


ioe - Oud) < if lol < My Tel, (160) 


[xk,1Xk,r] 


and, with M;, a bound for f that 


/, f| <MyMo Ul. (161) 
i 
First, observe that 


ose (f(®)¢, Ik) Lk] = (sup i(®)e= inf f(®)¢) Ie S2MypMg|Kk|. (162) 
Next, by (160) and (161), for & € Ik, 
| I. f = FE) 0G) [Kel] < 2M yp Mo lel. 
and so, picking & € J, appropriately, we have 


fe f-UF@~, P| <3My Mo |i. (163) 
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Now, if k ¢ B, My < , and therefore, from (162), we get that 


Yo ose (F(®)g, 14) IF < 2Myp nD Mel, (164) 
keB keB 
and by (163), 
2 // f-—UCF@)¢,P)| <3Myn Mel (165) 
keB Ji keB 


Finally, since for k € U, we have osc (¢, Jk) = n, from (157), as in Chebyshev’s 
inequality, it follows that 


n>) kl < d_ ose (y, Ik) el < D5 ose (@, Kk) al < IU, 


keU keU k 


and, consequently, 


So el <n {ll (166) 


keU 


Whence, by (162) and (166), the U terms are bounded by 


Y ose (f (®)g, 1%) |I*| < 2M My Y> |Ie| S$ 2My Mon |I\, (167) 
keU keU 
and by (163) and (166), 


S| f r-ucre@re. P| s3MyMy itl S3My Mp nll. (168) 
keU Li keU 


Consider now the partition P’ of J that consists of the union of all the partitions 
pk , where each Pe is defined according as to whether k € G,k € B,ork € U. 
Then, by (158), (164), and (167), 


S* ose (fF (®)g, F') |T4| 


keG j 


+ Yo ose (F(®)9, FF" + Yo ose (f (@), I*)|L*| 


keB keU 
<n > \l+2Myn dol +2MypMy n || 
keG keB 
< (14+2My+2MyM,) nI/I. (169) 
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Given ¢ > 0, pick 7 > 0 so that (1 +2 My +2MyMg)n|1| < «, and note that 
the above expression is < ¢, and since ¢ > 0 is arbitrary, (146) corresponding to P’ 
implies that f(®)gq is integrable, and L( f(®)g) = U(f(®)g) = i f(®)@. 

It remains to compute the integral in question. First, note that 


U(f(®)9,P') = >) U(f(®)¢,P"). (170) 


k 


Moreover, since ®(b) — P(a) = D>, (®(xx,7) _ (xx,1)), by the linearity of the 
integral, taking orientation into account, it follows that [ T£H=D: f Ti Ff, [81, 97]. 
Hence, regrouping according to the sets G, B, and U gives 


freC pec red Pee (171) 


keG keB keU 


and from (170) and (171), it follows that 


|[ f-vt@~.P sD] f r-ur@e.| 
L cea Fk 


+>] f r-vr@e.r)|+ 0] [ F-vr@w.P 
Li keU Li 


keB 


= 8, +524+ 83, 


say. Now, by (159), 


keG 


ns] f f-ur@ye.P5| 0 Dil sat. 
keg Lk 


and by (165) and (168), s2 +3 < (3M, +3M,M,) n |J|, which combined to give 


| [ F-vir@ne.P) <(1+3My+3MyMy)n|I\. 


Given € > 0, pick n > 0 so that (1+3My +3MyMg)n|I| < €, note that this 
€ also works for (169), and that 


[i —U(f(®)g,P’)| <e. (172) 


Appendix I 155 


Also, since U(f (®)y , P’) — L(f (®)¢ , P’) is equal to the left-hand side of (169), 
from (172), it follows that 


| [ F- Lt@w.P)| s2¢. (173) 


Furthermore, since by (172), 


[ re = U(f(®)g) < U(f(®)g,P) < [ite 


and by (173), 


[fs tr@re.P) +26 s LiPo) +26 = | Foe +26 
I 


we conclude that 


[ r-f re@e| sre, 
L I 


which, since ¢ is arbitrary, implies that /,  t(®)e= i gz f. Hence, (142) holds, and 
the proof of this implication is finished. 

As for the converse, it suffices to prove that, if f(®)qg is integrable on J, f is 
integrable on ®(/), for then, invoking the implication, we just proved, the integrals 
in question are equal. Let P be a partition of J that satisfies (157). Since ® is 
continuous, ®(/) is a closed interval of the form [®(x,,), ®(xy)] with (possibly 
non-unique) x,,, xy in J. If x,, and x,y are endpoints of (not necessarily the same) 
interval in P, proceed. Otherwise, since for an interval J = [x;, x,] and an interior 
point x of J, with J; = [x;, x] and J, = [x, x], we have 


ose (g, Jj) | Jj| + ose (g, J) |J-| S ose (g, J) IJ; (174) 


Ff can be refined so that the endpoint that was not originally included is now an 
endpoint of two intervals of the new partition, without increasing the right-hand 
side of (178). For simplicity, also denote this new partition P, note that it contains 
both x, and x,y at least once as an endpoint of one of its intervals, and define the 
sets of indices G, B, and U associated to P, as above. 

Now, if f(®)¢ is integrable on J, f(®)g¢ is integrable on J;, and if k € G, by 
the first part of the proof, f is integrable on I, and /; h f(@®)g=f ie jf. Then, by 


(146), given n > 0, there is a partition Q= {ri} of Z,, such that 


Yj ose (f, 4) |Z4] <n lel, 
J 
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and therefore, 


Yd dose (f, F4) LE <n Do el. (175) 


keG j keG 


As for k € B UU, by (160), we get 


ose (f, Lx) |Li| = ( sup f — inf f )IZe| < 2M Mg |Ikl- 
k 


k 


Next, if k € B, My < n, and therefore, 


ose (f, Le) el < 2M pn dal: (176) 


keB keB 


Finally, for k € U, by (166), eeu [Ik| < n|Z|, and so, 


Yose (f, Lx)|Le| < 2M yp My D> [Kel < 2Myp My n{I|. (177) 
keU keU 


Let Q’ denote the collection of subintervals of (J) defined by 


@=(UUEN YC U te). 


keG j ke BUU 


Note that the union of the intervals in Q’ is ®(/) and that, by (175), (176), and (177), 


De dose (F Li) Til + Dose (fF, 24) "| + Dose (f, FIT" 


keG j keB keU 


<n ole +2Mypn >> [el + 2M Mon |I| 
keG keB 


< (1+ 2My +2MyM,) n|I\. (178) 


Consider now the finite set ®(x,,) = yj < y2 <--- < ®(xy) = yy, of the 
endpoints of the intervals in Q’ arranged in an increasing fashion, without repetition. 
Suppose that the interval J in Q’ contains the points yz,,..., Ys,, SAY, aS endpoints 
or interior points. If they are endpoints, disregard them. Otherwise, as in (175), 
incorporate each, from left to right, as an endpoint of two intervals in a refined Q’ 
without increasing the right-hand side of (145). Clearly, Q’ thus refined contains a 
partition Q” = {J;,} of ®(/), which, by (178), satisfies 


Y | ose (f, Tx) |Tel < (1+ 2M yp + 2M pMy) n | II. 
k 
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Given ¢ > 0, pick n > 0 such that (1 +2M y+ +2M 5 Mp) n |I| < e. Then the sum 
in (146) corresponding to Q” does not exceed an arbitrary ¢ > 0, and, therefore, f 
is integrable on ®(/), and the proof is finished. 


Substitution Formula, Riemann-Stieltjes Integral 


We begin by considering the particular case of the substitution formula when both 
gy and yw are of constant sign. In this instance, we have: 


Lemma Let g be a bounded, Riemann integrable function defined on an interval 
I = [a, b] that does not change sign on I, and let ® be an indefinite integral of p 
on I. Let W be a bounded, Riemann integrable function defined on ®(1), the range 
of ®, that does not change sign, and let WV be an indefinite integral of w on ®(1). 

Let f be bounded on ®(1). Then, f is Riemann-—Stieltjes integrable with respect 
to V on BCL) iff f(®)W(®) is Riemann—Stieltjes integrable with respect to ® on I, 
and in that case, with I = [®(a), ®(b)], 


[favs [ ro weoae. (179) 
I 


Proof It suffices to prove the result when ¢, y are positive. Indeed, if the result 
holds in this case, when ¢ is negative, it follows by replacing g by —g, w(x) by 
w(—x), and f(y) by f(—y) in (179), and when yw is negative, by replacing w by 
—w in (179). 

Now, by assumption, we have ®(x) = ®(a) + Stax] g, x € I, and, V(y) = 
W(@(a)) + fle, w, y € ®CU). A moment’s thought will convince the reader 
that this result is akin to the theorem above, and, therefore, we shall be brief. 

First, assume that f(®)y(®) is Riemann-Stieltjes integrable, and fix e > 0. For 
a partition P = {J} of J with I = [xx,1, xx,r] and Ly = [P(xx,,), P(xx,1)], pick 
& € Iq such that 


U(F(®), W(®),P) < D> f(@E)) (W(POx,)) — V(PORD)) +e. (180) 
k 


Then, as in the proof of the Theorem above, it follows that 


U(f(®), V(®), P) < My Y- ose (w, Lx) Zk] +U(f(®)W(®), ®, P) +6, 
: (181) 
and 


U(f(®), (®), P) — Lf (®), Y(®), P) < 2My Dose (W, Le) |Lel 
k 


+ (U(f(®)W(®), &, P) — L(f (®)W(®), ®, P)) + 2e. 
(182) 
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We pick for the partition P of J above a common refinement of a partition that 
satisfies (146) for y and one that satisfies (180) for f(®)y(®) with respect to 
® for the ¢ > O picked at the beginning of the proof; # will then satisfy both 
conditions simultaneously. Then from (182), it follows that U(f(®), ¥(®), P) — 
L(f(®), U(®),P) < 2Mype+e+2e,, and since ¢ > 0 is arbitrary, by (144), 
f(®) is Riemann-Stieltjes integrable and U(f(®), ¥(®)) = L(f(®), V(®)) = 
Ae f(®) dv(®). 

To evaluate the integral in question, as in the proof of the Theorem above with 
(181) playing the role of (154) there, it readily follows that Ji f(®)dv(®) = 
i 1 [(®)y(&)d®. Therefore, since © is continuous, monotone on /, by the 
substitution formula (148), 


, faw = / f(®)dW(®) = | f(®)W(®) de, 
tL I I 


(179) holds, and the conclusion obtains. 

To prove the converse, by (148) and the assertion we just proved, it suffices 
to show that, if f(®) is Riemann-Stieltjes integrable with respect to Y(®) on 
I, f(®)w(®) is Riemann-Stieltjes integrable with respect to ® on J. Let, then, 
f = {Ix} be a partition of 7, and given ¢ > 0, pick & € J, such that 


U(f(®)W(®), ®P) < Do f(E) (OE) (OCR) — OGD) +8. (183) 


k 


As in the proof of the Theorem above, considering the two types of summands in 
(183), to wit, those where f(®(&;)) > 0, and those where f(®(&)) < 0, it follows 
that 


U(f(®)W(®), V(®),P) < Mp Dose (Wr, Tx) [Ze] + UF (®), W(®),P) +8, 
k 


and, consequently, 
U(f(®)W(®), & P) — L(f(P)y(®), ®, P)) < 2Myz Y° ose (W, Le) |Ze 
k 


+ (U(f(®), U(®), P) — L(f(®), W(®),P)) +. 2e, 


and so, since ¢ > 0 is arbitrary, picking an appropriate P, by (144), we conclude 
that f(®)w(®) is Riemann-Stieltjes integrable, and the proof is finished. Oo 


We are now ready to prove the substitution formula stated in the Introduction. 
Note that in this case y is allowed to change signs on ®(/). 


Proof, Substitution Formula, Riemann-Stieltjes Integral The proof follows along 
the lines to that of the change of variable for the Riemann integral, and we shall be 
brief. It suffices to prove the result when ¢ is positive. Let f be Riemann-Stieltjes 
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integrable with respect to VW on ®(/). The idea is to show that /, O(1) f d¥ can be 
approximated arbitrarily close by the Riemann sums of f(®)y(®) with respect to 
® on J, and, consequently, 1 J (&)w(@) d@ also exists, and the integrals are equal. 


To make this argument precise, consider a partition Q of ®(/) defined as 
follows: given n > 0, by (146), there is a partition Q = {Z;} of ®(/), such that 
>>, ose (W, Lx) [Lx] < 7° |1|. We first separate the indices k that appear in Q into 
three classes, G, B, and U, according to the following criteria. First, k € G if w is 
strictly positive or negative on J;. Next, k € B,ifk ¢ Gand |W| < 7 on Lx. And, 
finally, k ¢ U,ifk € GU B. Note that for k € U we have osc (w, £,) => n, since w 
changes signs in J, and for at least one point ¢; there, |y(fx)| > 7. 

Recall that to each subinterval J, = [P(xx,1), B(xx,-)] of PU) corresponds to 
an interval J; = [xx,7, xx,r], and let P denote the partition of J given by P = {Ix}. 

Now, since f is integrable with respect to YW on ®(/), f is integrable with 
respect to YW on J;, and if k € G, since g and w do not change sign, by 
the Lemma, f(®)w(@®) is integrable with respect to ® on x, and ibe fdvV¥ = 
Sn f(®) w(®)d®. Then, by (146), given 7 > 0, there is a partition pk = {i} of 
I, such that 


Yo ose (fF (P)W(®), 1) |T4] < nel, 


J 


and, therefore, 


Y= dS ose (F(@)W(), 1) (ZK <n Yo el (184) 
keG j keG 
and 
>If fav — U(f(®)¥(), 0, P| <n oll (185) 
keG Ji keG 


Now, fork « BUJU, let pe = {1} denote the partition of J; consisting of the 
interval J;,. In this case, for B, we have 


ose (f(®)¥(®), Ie) [Lal < 2MypMon Yul, (186) 
keB keB 
and 
Df. ray - Uren), 0,75] 23MpMen Dill, 187 
keB Li keB 
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and for U, with My a bound for yy, 


Y> ose (f(®)Y(®), Me)|Ze] < 2M¢MyMy ) > [Ik] <2Mp¢MyMy n|I|, 


keU keU 
(188) 
and 
pay f-UFOVO), 0, P| <3MyMy Mg n\I\. (189) 
keU Li 


Consider now the partition P’ of J that consists of the union of all the intervals in 
the pr where each P* is defined according as to whether k € G,k € B,ork EU. 
Then, by (184), (186), and (188), 


¥~ Yo ose (fF (H)w(o), 4) [Z| 


keG j 


+) ose (f()W(®), T*) |Z*| + > ose (f(P)W(®), F)|T*| 


keB keU 
< (1+2MyMy +2MyMyMg) n|I\. 


Given ¢ > 0, pick n > Oso that (1+2 M¢Mg+2 MyM, Moy) n|I| < €, and note 
that the above expression is < ¢, and since ¢ > 0 is arbitrary and ® is monotone, 
(146) corresponding to P’ implies that f(®)y(®) is Riemann-Stieltjes integrable, 
and L( f(®)y(®), &) = U(f (®)w(®), &) = f; f(&) v(®)d®. 

It remains to compute the integral in question. Invoking (185), (187), and (189), 
the computation is similar to the one carried out in the proof of the change of variable 
formula for the Riemann integral and is therefore omitted. 


Change of Variable Formula, Riemann-Stieltjes Integral 


Finally, we consider when ¢ is of variable sign, and in this case, the substitution is 
not required to be invertible. Specifically: 


Change of Variable Formula, Riemann-Stieltjes Integral Let yg be a bounded, 
Riemann integrable function defined on an interval J = [a,b], and let ® be an 
indefinite integral of g on J. Let w be a bounded, Riemann integrable function 
defined on ®(J), the range of ®, that does not change sign on ®(/), and let Y be 
an indefinite integral of y. 

Let f be a bounded function defined on ®(/). Then, f is Riemann integrable 
with respect to W on ®(/) iff f(®)w(®) is Riemann integrable with respect to ® 
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on J, and in that case, with J = [®(a), ®(b)], 


[ fav = | ro w@ae. (190) 
I 


Proof The proof of the necessity follows along the lines of the substitution formula, 
and we shall be brief. It suffices to assume that yw is positive. So, suppose that f is 
Riemann-Stieltjes integrable with respect to YW on ®(J), and let the partition P of I 
be defined as follows: given n > 0, by (146), there is a partition P = {J} of J, such 
that 


Y > ose (¢, Mk) [kl < n° U1. (191) 
k 


Separate the indices k that appear in F into three classes, G, B, and U, according 
to the following criteria. First, k € G if g is strictly positive or negative on J;. Next, 
k © B,ifk € Gand |g| < n on &. And, finally, k «¢ U,ifk ¢ GU B. Note that for 
k € U, since g changes signs in J; and for at least one point &; there, |p(&)| > 7, 
we have osc (g, Ix) > 7. 

Recall that each I, = [xx,1, xz,-] in P corresponds to the (oriented) subinterval 
Ly = [(P(xq,1), P(xx,,)] of BU). Now, since f is integrable with respect to YW on 
®(/), f is integrable with respect to YW on J;, and if k € G, since g and w do 
not change sign, by the lemma, f(®)w(®) is integrable ® on J;, and by (148), 
he fdv= Sn f (®) W(&)d®. Then, by (146), given 7 > 0, for each k € G, there 
is a partition PX = {Ih} of Iz, such that )> ; ose (f (©) (®), I) rad <n|%l, and 
therefore, 


Yo di ose (FO) (), HITE <n So Vel (192) 
keG j keG 
and 
» Lf fd¥ — U(F@)W), & P| <n Dhl: (193) 
keG Li keG 


Now, fork € BUJU, let — {1} denote the partition of J; consisting of the 
interval J;. Then, as before, it follows that 


Yi ose (f()W(), Mk) Lal < 2MypMy nD el, (194) 
keB keB 
and 
oe Lf fa¥ — U(f@)WO), & PO] <3My My 1 Yo Mel. (195) 
keB Li keB 
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Finally, for k € U, as in (188) and (189), the U terms are bounded by 


Y> ose (f(®)y(®), I)|Le] < 2Mp My My n|I|, (196) 
keU 
and 
aie f —U(f(®)v(®), ®, PX) | < 3 My My My n|I. (197) 
k 


keU 


Consider now the partition ?’ of J that consists of the union of all the partitions 
Pk, where each P* is defined according as to whether k € G,k € B,ork € U. 
Then, by (192), (194), and (196), 


Sd ose (F(H)W(®), F4) [Til + S2 ose (f(@)W(®), T*) |I"| 


keG j keBUU 


< (1+ 2M/My + 2My¢MyMy) nII/\. 


Given ¢ > 0, pick 7 > O so that (1 + 2M¢My + 2MfMyMy)n|I| < «, 
and note that the above expression is < ¢, and so, since € > 0 is arbitrary, (146) 
corresponding to P’ implies that f(®)y(®) is Riemann-Stieltjes integrable on J 
and L(f (®)w(®), ©) = U(f(®)w(®), ©) = f, f(®) W(®) d®. 

Making use of the integral estimates (193), (195), and (197), established 
above, Pe 1 f(®) w(®) d® can be evaluated exactly as in the previous lemma; the 
computation is left to the reader. 

As for the converse, it suffices to prove that, if f(®)w(®) is Riemann-—Stieltjes 
integrable with respect to ® on J, f is Riemann-Stieltjes integrable with respect 
to YW on ®(J/), and then the integrals will be equal by the result we just proved. 
Let the partition P of J satisfy (191). Then f can be refined to a partition, which 
we call again P for simplicity, which contains the endpoints x, xy of PW) = 
[®(xm), ®(xy)], and define the sets of indices G, B, and U, associated to P, as 
above. 

Now, if f(®)w(®) is integrable with respect to ® on J, f(®)y(®) is integrable 
with respect to ® on i, and if k € G, since ¢ is of constant sign, by the lemma, 
f is integrable with respect to W on Zy and J, f(®) w(@)d& = fz, fdw. 


Then, by (146), given 7 > O, there is a partition Q = {L *y of Z,%, where 
hee [P(x} )), (xi ,.)], such that 


YS ose (f, Z5) |W (®O4_,)) — WOO ))| < nll. 
j 
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As fork € BUU, we have 


Y ose (f, Le) [WP Orx,r)) — UPR) | < 2M yp My n Yl, 
keB keB 


and 


Yi ose (f, Le)|Y (Ox) — Y(OORD)| 


keU 


<2My My My > \Ik| <2My My Mon |I |. 
keU 


Let Q’ denote the collection of subintervals of (J) defined by 


@=(UUE LC U zn). 


keG j ke BUU 


The proof is now concluded as that of the change of variable formula for the 
Riemann integral and is therefore omitted. Oo 


Caveat 


We close this appendix with a caveat: not always the most general result is the most 
useful. By strengthening some assumptions and weakening others, it is possible to 
obtain an instance of the change of variable formula that does not follow from our 
results [27]. We consider the Riemann-Stieltjes integral below, but this observation 
applies to the Riemann integral as well. 

Assume that the function ® is continuous, increasing on J = [a,b], and 
differentiable on (a, b) with derivative g > 0; then ® is uniformly continuous on J 
and maps J onto J = [®(a), ®(b)]. Assume that W is continuous, increasing on J, 
and differentiable on (®(a), ®(b)) with derivative w > 0. We will also assume that 
f is Riemann integrable, rather than bounded, on J. On the other hand, we will not 
assume that g, & are bounded. Then, if f(®)y(®) is integrable with respect to ® 
on J, the change of variable formula holds. 

To see this, consider a partition P = {J}, Ik = [xx1, xx,r], of 7, and the 
corresponding partition Q = {Lx} of J, consisting of Ly = Lyx, yer], where 
Yel = O(xz,1) and yy, = P(x;z,-). By the mean value theorem, there exists ¢, € Lx 
such that 


V(ver) — VORD = WK) (Yer — Yer), all k, 
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and with & € J, such that ¢ = ®(&;), all k, it follows that 


Yo FC) (YOK) — VORD) = Yo FE) WOE) (0x4) — OCD), 
k k 


where the left-hand side is a Riemann sum of f with respect to YW on J, and the 
right-hand side a Riemann sum of f(®)y(®) with respect to ® on J. Since by the 
uniform continuity of ®, it follows that max, |J;| — 0 implies max, |Z;%| — 0, by 
the integrability assumptions, for appropriate partitions P, the left-hand side above 
tends to [7 f dW, and the right-hand side to {, f(®)w(®) d®. Hence, the change 
of variable formula holds. 

This observation applies in the following setting. On J = J = [0, 1], with O < 
e,n <1, let B(x) = x!~®, g(x) = (1— 2) x~* for x € (0, 1], and W(y) = y!~”, 
w(y) = (1-7) y~" for y € (0, 1]; g and w are unbounded. Then, for an integrable 
function f on J, provided that f(®) y(®) is integrable with respect to ® on J, 
the change of variable formula holds. For f, we may take a continuous function of 
order x near the origin, where 6 > ¢/(1 — €) + n. 

Along similar lines, the requirement that f be bounded on ®(/) may be 
weakened in the change of variable formula for the Riemann integral and merely 
require that f be bounded on [®(a), ®(b)], [57]. Now, this condition is essential 
for the existence of the integral on the left-hand side of (142) and does not follow 
from the other conditions in the theorem [87]. 


Appendix I 


Cauchy Integrability Implies Riemann Integrability 


We pointed out in the Introduction that Riemann extended the notion of integral 
introduced by Cauchy; we come now full circle and prove that a function f that 
is bounded and integrable a la Cauchy, i.e., the tags of the Riemann sums of f are 
restricted to the left endpoints of the partition intervals, is Riemann integrable and 
the values of the integrals coincide. This was shown in 1915 by Gillespie [39] and 
has since been reproved and extended [1, 55]. 

Let J = [a, b] and let P = {Ik}, Tk = [xg_-1, xx], 1 < k < m, bea partition of I. 
Recall that the left Riemann sums S;(f,P) of f on J are given by 


SL(F,P) = > F xx—1) (xe — xe-1)- 


k=1 


We then say that f is Cauchy integrable on I if there is a real number C with the 
following property: For every ¢ > 0, there exists 6 > 0 such that |S L(f, P)—-C | <eé 
for every partition P of J with mesh ||P|| < 6. In this case, C denotes the Cauchy 
integral of f on I. 

Let II denote the admissible family of partitions of J that result by dividing J 
into 4n equal length subintervals, for all n. We then have: 


Theorem Let f be a bounded, Cauchy integrable function on an interval I = 
[a, b]. Then, given ¢ > O, there exists 8 > O such that, given a partition P of I 
in TI with mesh < 6, there is a partition Q of I with mesh < 26 such that 


[Sn P, T) — Si(f,Q| <e. (198) 


Furthermore, f is Riemann integrable on I, and iF f =C, the Cauchy integral 


of f. 
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Proof Given ¢ > 0, let n = ¢/16. Then, since f is Cauchy integrable, there exists 
8 > 0 such that with C the Cauchy integral of f, |S_(f,Q) — C| < n for all 
partitions Q of J with mesh < @. Let no be an integer so that both 1/4ng < 6/2 and, 
if M isa bound for f on J, M/no < €/2. Then, pick 0 < 6 < 1/4no. We claim that 
this choice of 6 works. 

So, let P be a partition of J in IT with mesh < 6, and consider the Riemann sum 
Sufi, T) = Ye", f (ce) (xe — xe-1) with tags T = {c1,..., Can}. Now, since 
Ff e€ TI, it follows that (x, — xp—1) = (xe+1 — xx) for 1 < k < 4n, and we have the 
relation 


Sf (ce) (xk — Xe—-1) = f (ce) (Xk-41 — xx) 
= f (cx) (x41 — cei) — f (ce) (xe — cx) + f (Ce) (cet — cx), 
and, therefore, summing 


4n-1 


> (F (cx) (x — xe-1) — f (ce) (Cer - cx)) 
k=2 
4n-1 
= ~ (Fee) (e+ — ceri) — f (ce) (xe - cx)). 
k=2 


The idea is to prove that the sum on the right-hand side above corresponds to an 
error term. 

Suppose first that 7 has been divided into 4 subintervals of equal length, 
and consider the left Riemann sums corresponding to the partition P; with tags 
{x0, C1, C2, X2, C3, C4, x4}, and to the partition P2 with tags {xo, c1, x2, c3, x4}, and 
observe that 

Sli F 3) = 8EUE Pi) 


= (f(c1) — f(c2)) (x2 — c2) + (F(€3) — f(ca)) (x4 — €4). (199) 


Similarly, consider the partition P3 with tags {xo, x1, C2, C3, x3, x4} and the 
partition P4 with tags {xo, x1, C2, x3, x4}, and observe that 


Si(f, Pa) — Sif, P3) = (f (2) — Ff (€3)) (x3 — ¢3). (200) 
Hence, adding (199) and (200), it follows that 
(Sif, P2) — Sif, Pwd) + (SLCF, Pa) — SLCF, P3)) 


= (f(c1) — f (€2)) (x2 — €2) + (F (C2) — F(€3)) (x3 — €3) 
+ (f(c3) — f (ca) (x4 — ca), 
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which can be written as 
f (ci) (2 — €2) + f (cr) (x3 — €3) + fi(c3) (x4 — €4) 
— (f (c2) (x2 — €2) + f (c3) (x3 — €3) + f (ca) (4 — €4)). 
With this in mind, in the general case, if P; has tags {xo, c1, c2, x2, ¢3, 
C4,X4,.-+,X4n}, Po tags {xo, C1, X2,C3,X4,...,X4n}, P3 tags {xo, X1, C2, C3, x3, 
C4, C5, --+5X4n—1, X4n}, and Py tags {x0, X1, C2,.X3,C4,.X5,.-., X4n—1, X4n}, let 
& = (Sz(f, Po) — StF, P1)) + (StF Pa) — Sif P3))- 
Since ||P|| < 6 < 6/2, each of the partitions that appears in one of the left 


Riemann sums in the definition of & has mesh < 2 ||P|| < 6, and so each of the left 
Riemann sums differs from C by less than 7 and, consequently, 


é 
|S] < 4n = re (201) 


Moreover, note that & can be written as 


4n 
E= > (F(ce-1) — (ce) (xe — cx) 
k=2 
4n-1 4n 
= SS F (ck) (x41 — ce+1) — a Ff (cx) (xe — ck). (202) 
k=1 k=2 


Finally, we consider the partition Q of J consisting of the intervals 


[xo, c1], ler, C2], ---, [C4n—1, Can], [C4n, X4n] 


and observe that ||Q|| < 2 ||P|| < 26 < 0, and if 


Si(f,Q) = f(x0)(c1 — x0) 
4n—-1 
+ Do flce (cers — ce) + f (C4n)(X4n — Can), (203) 


k=1 


it follows that |S_(f,Q) — C| < n = ¢/16. 
Now, adding (202) and (203) gives 


E+ SL(f,Q) = f(x0)(c1 — x0) 
4n—-1 


+ f(c1)(%2 — 1) + F (ck) (*e41 — xx); 


k=2 
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which, since (xk41 _ XK) = (xx _ et) can be written as 
E+ Sif, Q) = Sn(f.P, T) + &1, (204) 


where 


&1 = f (xo)(ci — x0) + f(c1)(x2 — c1) 
— fer) — x0) — f (Can) (X4n — X4n-1). 


Now, if M is a bound for f on J, each of the summands on the right-hand side 
above is bounded by M/4n and so 


(205) 


Finally, by (204), (201), and (205), 


|Sn(f,P. T) — Si(f,Q| = |S - 61 


€ 3 
—-=-&, 


€ 
</6 &| < - 
<|é|+|&|<S+5=3 
(198) holds, and the first part of the proof is complete. 
Moreover, with C, the Cauchy integral of f, by (198), and since ||Q|| < 6, we 
have 


[Sn P, T) — C| < |Sn(4P, T) — StF, Q| + |Sz(f,Q - C| 
2 3 s 3 4 1 2 
—€ =-e+—eE<e, 
of ee See 
and f is Il-Riemann integrable with integral equal to C. Then, by Theorem 1, f is 
Riemann integrable on J with the same integral, and we have finished. Oo 


A word about the assumption of the boundedness of /. It is of course possible 
for unbounded functions to be Cauchy integrable. For example, if f is defined on 
[0, 1) and is monotone in some open interval (1 — 7, 1), then the existence of the 
Cauchy integral is equivalent to the existence of the improper Riemann integral 
Sio.i-y £ @) dx. We have a function like f(x) = (1 — x)~!/2 in mind [55]. 

Now, neither working with admissible families of partitions nor by only allowing 
left endpoints as tags enlarges the class of Riemann integrable functions. However, 
making both restrictions at once does. Indeed, consider the admissible class II of 
partitions of [0, 1] consisting of n equal length partition intervals for all n, and only 
left endpoints as tags. In this case, the Dirichlet function would be integrable as all 
its left Riemann sums are 0. 


References 


1 


2. 


3. 


4. 


5. 


. A. Abian, On a useful economy in the formation of Riemann sums. Math. Slovaca 28(3), 

247-252 (1978) 

P. Alexandersson, N. Amini, The cone of cyclic sieving phenomena. Discrete Math. 342(6), 

1581-1601 (2019) 

S. Andras, Monotonicity of certain Riemann-type sums. Teach. Math. XV(2), 113-120 

(2012) 

D. Andrica, M. Piticari, An extension of the Riemann—Lebesgue lemma and some applica- 

tions. Acta Univ. Apulensis Math. Inform. 8, 26-39 (2004) 

T. Apostol, Mathematical Analysis, 2nd edn. (Addison-Wesley Publishing, Reading, 1974) 

. R.J. Bagby, The substitution theorem for Riemann integrals. Real Anal. Exch. 27(1), 309— 
314 (2001/2002) 

. N.S. Barnett, P. Cerone, S.S. Dragomir, A sharp bound for the error in the corrected trapezoid 
rule and application. Tamkang J. Math. 33(3), 253-258 (2002) 

. G. Bennett, G. Jameson, Monotonic averages of convex functions. J. Math. Anal. Appl. 252, 
410-430 (2000) 

. G.A. Bliss, A substitute for Duhamel’s theorem. Ann. Math (2) 16(1/4), 45-49 (1914-1915) 

. D. Borwein, J.M. Borwein, B. Sims, Symmetry and the monotonicity of certain Riemann 
sums, in From Analysis to Visualization. JBCC 2017. Springer Proceedings in Mathematics 
& Statistics, ed. by D. Bailey et al., vol. 313 (Springer, Cham, 2017) 

. A.D. Bradley, Prismatoid, prismoid, generalized prismoid. Am. Math. Monthly 86(6), 486- 
490 (1979) 

. T.J. Pa Bromwich, G.H. Hardy, The definition of an infinite integral as the limit of a finite or 
infinite series. Q. J. Pure Appl. Math. 39, 222-240 (1908) 

. A.M. Bruckner, J.B. Bruckner, B.S. Thomson, Real Analysis, 2nd edn. (ClassicRealAnaly- 
sis.com, 2008) 

.N.G. de Bruijn, K.A. Post, A remark on uniformly distributed sequences and Riemann 
integrability. Indag. Math. 30, 149-150 (1968) 

. JS. Byrnes, A. Giroux, O. Shisha, Riemann sums and improper integrals of step functions 
related to the prime number theorem. J. Approx. Theory 40, 180-192 (1984) 

. A.P. Calderén, Reflexiones sobre el aprendizaje y la ensefianza de las matematicas. Revista 
de diddctica de matematicas 33, 3-12 (1998) 

. R.E. Carr, J.D. Hill, Pattern integration. Proc. Am. Math. Soc. 2, 242-245 (1951) 

. D.M. Cates, Cauchy’s Calcul Infinitésimal: An Annotated English translation (Springer, 
Berlin, 2019) 


© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 169 
A. Torchinsky, A Modern View of the Riemann Integral, 


Lec 


ture Notes in Mathematics 2309, https://doi.org/10.1007/978-3-03 1-11799-2 


170 


45. 
46. 


References 


. C.-H. Ching, C.K. Chui, Asymptotic similarities of Fourier and Riemann coefficients. J. 
Approx. Theory 10, 295-300 (1974) 

. C. Chui, Concerning rates of convergence of Riemann sums. J. Approx. Theory 4, 279-287 
(1971) 

. O. Costin, N. Falkner, J.D. McNeal, Some generalizations of the Riemann-Lebesgue lemma. 
Am. Math. Monthly 123(4), 387-391 (2016) 

. D. Cruz Uribe, C.J. Neugebauer, Sharp error bounds for the trapezoidal rule and Simpson’s 
tule. J. Ineq. Pure Appl. Math. 3(4, Article 49) (2002) 

. D. Cruz Uribe, C.J. Neugebauer, An elementary proof of error estimates for the trapezoidal 
tule. Math. Mag. 76, 303—306 (2003) 

. R.O. Davies, An elementary proof of the theorem on change of variable in Riemann 
integration. Math. Gaz. 45, 23-25 (1961) 

. P.J. Davis, P. Rabinowitz, Methods of Numerical Integration, 2nd edn. (Academic Press, New 
York, 2014) 

. R.E. Deakin, M.N. Hunter, The prismoidal correction revisited. Presented at 22nd Victorian 
Regional Surveying Conference, Beechworth, Victoria, 20-21 February, 2009 

. O.R.B. de Oliveira, Change of variable for the Riemann integral on the real line. Preprint 
(2019) 

. D. Dickinson, Approximative Riemann—sums for improper integrals. Q. J. Math. 12(1), 176- 
183 (1941) 

. T.S. dos Reis, Proper and improper Riemann integral in a single definition. Proc. Series Braz. 
Soc. Appl. Comput. Math. 5(1), 1-7 (2017) 

. S.S. Dragomir, R.P. Agarwal, P. Cerone, On Simpson’s inequality and applications. J. Inequal. 
Appl. 5(6), 533—579 (2000) 

. S.S. Dragomir, P. Cerone, A. Sofo, Some remarks on the trapezoid rule in numerical 
integration. Indian J. Pure Appl. Math. 31 , 475-494 (2000) 

. H.J. Ettlinger, A simple form of Duhamel’s theorem and some new applications. Am. Math. 
Monthly 29(7), 239-250 (1922) 

. T.H. Fay, P.H. Kloppers, The Gibbs’ phenomenon. Int. J. Math. Educ. Sci. Technol. 32(1), 
873-899 (2001) 

. E.C. Fazekas Jr., P.R. Mercer, Elementary proofs of error estimates for the midpoint and 
Simpson’s rules. Math. Mag. 82(5), 365-370 (2009) 

. R.L. Foote, H. Nie, How to approximate the volume of a lake. College Math. J. 47(3), 162- 
170 (2016) 

. M. Frontini, E. Sormani, Some variant of Newton’s method with third—order convergence. 
Appl. Math. Comput. 140, 419—426 (2003) 

. B.R. Gelbaum, J.M.H. Olmsted, Counterexamples in Analysis (Holden-Day, San Francisco, 
1965) 

. A. Ghizzetti, A. Ossicini, Quadrature Formulae. International Series of Numerical Mathe- 
matics, vol. 13 (Birkhauser Verlag, Basel-Stuttgart, 1970) 

. R.C. Gillespie, The Cauchy definition of a definite integral. Ann. Math (2) 17(2), 61-63 
(1915) 

. R.J. Gillins, The volume of a truncated pyramid in ancient Egyptian papyri. Math. Teach. 
57(8), 552-555 (1964) 

. E.A. Gonzdlez—Velasco, The Lebesgue integral as a Riemann integral. Int. J. Math. Math. Sci. 
10(4), 693-706 (1987) 

. S. Haber, O. Shisha, Improper integrals, simple integrals, and numerical quadrature. J. 
Approx. Theory 11, 1-15 (1974) 

. R.W. Hamming, Mathematics on a distant planet. Am. Math. Monthly 105(7), 640-650 
(1998) 

. H. Hankel, Untersuchungen tiber die unendlich oft oszillierenden und unstetigen funktionen. 

Reprinted Math. Ann. 20(1), 63-112 (1882) 

J.D. Hill, Summability methods defined by Riemann sums. Can. J. Math. 5 , 289-296 (1953) 

J.K. Hunter, Introduction to Analysis. Undergraduate Lecture Notes (U C Davis, 2010) 


References 171 


47 


48. 
49. 


50. 
51. 


52. 
53. 
54. 
55. 
56. 
57. 
58. 


59. 


60. 


6l. 


62. 


63. 


64. 


65. 
66. 


67. 


68. 


69. 


70. 


71. 


72 


. A. Imhausen, Mathematics in Ancient Egypt: A Contextual History (Princeton University 
Press, 2016) 

A.E. Ingham, Improper integrals as limits of sums. J. Lond. Math. Soc. 24, 44-50 (1949) 

D. Jackson, The Theory of Approximation, vol. 11 (American Mathematical Society Collo- 
quium Publications, New York). Published by AMS, 1930 

S.G. Johnson, Numerical integration and the redemption of the trapezoidal rule. Preprint 
C.S. Kahane, Generalizations of the Riemann-Lebesgue and Cantor-Lebesgue lemmas. 
Czech. Math. J., 30(105), 108-117 (1980) 

C.X. Kang, E. Yi, Disk versus frustum. Texas College Math. J. 4(2), 13-20 (2007) 

H. Kestelman, Change of variable in Riemann integration. Math. Gaz. 45, 17-23 (1961) 

K. Kirkpatrick, E. Lenzmann, G. Staffilani, On the continuum limit for discrete NLS with 
long-range lattice interactions. Commun. Math. Phys. 317, 563-591 (2013) 

E. Kristensen, E.T. Poulsen, E. Reich, A characterization of Riemann-integrability. Am. 
Math. Monthly 69(6), 498-505 (1962) 

L. Kuipers, H. Niederreiter, Uniform Distribution of Sequences (Wiley-Interscience John 
Wiley and Sons, New York-London-Sydney, 1974) 

A. Kuleshov, A remark on the change of variable theorem for the Riemann integral. 
Mathematics 9(16), 1899 (2021) 

I. Kyrezi, Monotonicity properties of Darboux sums. Real Anal. Exch. 35(1), 43-64 
(2009/2010) 

J.T. Lewis, C.F. Osgood, O. Shisha, Infinite Riemann sums, the simple integral, and the dom- 
inated integral, in General Inequalities 1/Allgemeine Ungleichungen 1. International Series 
of Numerical Mathematics/Internationale Schriftenreihe zur Numerischen Mathematik/Série 
Internationale d’ Analyse Numérique, ed. by E.F. Beckenbach, vol 41 (Birkhauser, Basel, 
1978), pp. 233-242 

J. Liu, Approximative theorem of incomplete Riemann-Stieltjes sum of stochastic integral 
(2018). arXiv:1803.05182v2 [math.CA] 

J. Liu, Y. Liu, Deleting items and disturbing mesh theorems for Riemann definite integral and 
their applications. arXiv: 1702.04464v1 [math.CA] (2017) 

R. Lépez Pouso, Riemann integration via primitives for a new proof to the change of variable 
theorem (2011). arXiv:1105.5938v1 [math.CA] 

R. Lépez Pouso, Existence and computation of Riemann-Stieltjes integrals through Riemann 
integrals (2011). arXiv:1107.1996v1 [math.CA] 

B. Lu, D.H. Torchinsky, Fourier domain rotational anisotropy second harmonic generation. 
Opt. Exp. 26(25), 33192-33204 (2018) 

J. Lu, Is the composite function integrable? Am. Math. Monthly 106(8), 763-766 (1999) 

T. Malvic, K. Novak Zelenika, Why we use Simpson and trapezoidal rule for hydrocarbon 
reservoir volume calculation? in Congress Book “Geomathematics—From Theory to Practice, 
ed. by M. Cvetkovié, K. Novak Zelenika, J. Geiger (Croatian Geological Society, 2014, 
Opatija), pp. 37-44 

D. S. Marinescu, M. Monea, An extension of a result about the order of convergence. Bull. 
Math. Anal. Appl. 3(3), 25-34 (2011) 

E.J. McShane, Partial orderings and Moore-Smith limits. Am. Math. Monthly 59, 1-11 
(1952) 

PR. Mercer, More Calculus of a Single Variable. Undergraduate Texts in Mathematics 
(Springer, Berlin, 2014) 

B.E. Meserve, R.E. Pingry, Some notes on the prismoidal formula. Math. Teach. 45(4), 257- 
263 (1952) 

J. Navratil, A note on the theorem on change of variable in a Riemann integral (Czech). 
Casopis Pést. Mat. 106(1), 79—83 (1981) 

. C.F. Ogood, O. Shisha, The dominated integral. J. Approx. Theory 17, 150-165 (1976) 


172 


102. 
103. 


References 


. C.F. Osgood, O. Shisha, Numerical quadrature of improper integrals and the dominated 
integral. J. Approx. Theory 20, 139-152 (1977) 

. W.E. Osgood, The integral as the limit of a sum, and a theorem of Duhamel’s. Ann. Math (2) 
4(4), 161-178 (1903) 

. L. Owens, Exploring the rate of convergence of approximations to the Riemann integral. 
Preprint 

. J. Pecaric, S. Varosanec, Simpson’s formula for functions whose derivatives belong to Lp 
spaces. App. Math. Lett. 14(2), 131-135 (2001) 

. A. Pinkus, Weierstrass and approximation Theory. J. Approx. Theory 107(1), 1-66 (2000) 

. D. Preiss, J. Uher, A remark on the substitution for the Riemann integral. (Czech) Casopis 
Pést. Mat. 95, 345—347 (1970) 

. P. Renz, The path to hell.... College Math. J. 16(1), 9-11 (1985) 

. J. Rey Pastor, Elementos de la Teoria de Funciones, 3rd. edn. (Ibero-Americana, Madrid, 
1953) 

. H.E. Robbins, A note on the Riemann integral. Am. Math. Monthly 50(10), 617-618 (1943) 

.D. Ruch, The definite integrals of Cauchy and Riemann (2017). Analysis. 11. https:// 
digitalcommons.ursinus.edu/triumphs_analysis/11 

. J.J. Ruch, M. Weber, Quelques résultats dans la téorie des sommes riemanniennes. Exposition. 
Math. 15(3), 279-288 (1997) 

. S. Salvati, A. Volcic, A quantitative version of a de Bruijn—Post theorem. Math. Nachr. 229, 
161-173 (2001) 

. R. Sandberg, On the compatibility of the uniform integral. Notices Am. Math. Soc. 67, 265 
(1963) 

. R. Sandberg, On the Compatibility of Integrals (Dissertation, University of Arizona, 1964) 

. D.N. Sarkhel, R. Vyborny, A change of variables theorem for the Riemann integral. Real 
Anal. Exch. 22(1), 390—395 (1996/1997) 

. S. Selvaraj, A note on Riemann sums and improper integrals related to the prime number 
theorem. J. Approx. Theory 66, 106-108 (1991) 

. J.A. Shohat, Definite integrals and Riemann sums. Am. Math. Monthly 46, 538-545 (1939) 

. A. Sklar, On the definition of the Riemann integral. Am. Math. Monthly 67(9), 897-900 
(1960) 

. A. Sklar, Uniform Stieltjes integral. Notices Am. Math. Soc., 11, 611-685 (1964) 

. H.J.S. Smith, On the integration of discontinuous functions. Proc. Lond. Math. Soc. 6, 140— 
153 (1875) 

. L.A. Talman, Simpson’s rule is exact for quintics. Am. Math. Monthly 113(2), 144-155 
(2006) 

. H. Tandra, A new proof of the change of variable theorem for the Riemann integral. Am. 
Math. Monthly 122(8), 795-799 (2015). https://doi.org/10.4169/amer.math.monthly. 122.8. 
795 

. H. Tandra, Corrigendum to “A new proof of the change of variable theorem for the Riemann 
integral.” Am. Math. Monthly 123(10), 1049 (2016) 

. B.S. Thomson, Characterizations of an indefinite Riemann integral. Real Anal. Exch. 35(2), 
487-492 (2009) 

. B.S. Thomson, On Riemann sums. Real Anal. Exch. 37(1), 221-242 (2011/2012) 

. A. Torchinsky, Real Variables (Addison-Wesley Publishing, Redwood City, 1988) 

. A. Torchinsky, Problems in Real and Functional Analysis. Graduate Studies in Mathematics, 
vol. 166 (American Mathematical Society, Providence, 2015) 

. A. Torchinsky, Modified Riemann sums of Riemann-Stieltjes integrable functions (2019). 
arXiv: 1905.00881v1[math.CA] 

. A. Torchinsky, The change of variable formulas for Riemann integrals. Real Anal. Exch. 

45(1), 151-172 (2020) 

W.F. Trench, A Riemann integral proof of a generalized Riemann lemma. Preprint 

N. Ujevic, Sharp inequalities of Simpson type and Ostrowski type. Comput. Math. Appl. 48, 

145—151 (2004) 


References 173 


104. V. Volterra, Alcune osservasioni sulle funzioni punteggiate discontinue, in Opere Matem- 
atiche 1 (Rome 1954), 7-15 (Originally in Giornale di Matematiche, vol. 19 (1881), 76-86 

105. J.L. Wals, W.E. Sewell, Note on degree of approximation to an integral by Riemann sums. 
Am. Math. Monthly 44(3), 155-160 (1937) 

106. B.J. Walsh, The Uniform and uniform Stieltjes integrals. Dissertations, Theses, and Master’s 
Projects. Paper 1539624580, 1965 

107. S. Weerakoon, T.G.I. Fernando, A variant of Newton’s method with accelerated third-order 
convergence. Appl. Math. Lett. 13(8), 87—93 (2000) 

108. A. Wintner, The sum formula of Euler—Maclaurin and the inversions of Fourier and Méebius. 
Am. J. of Math. 69(4), 685-708 (1947) 


Index 


A Riemann integrable, | 
Abel’s Lemma, 123 simply integrable, 129 
step, 57 
Thomae, 19 
B uniform integrable, 97 
Bernstein polynomial, 64 uniform Stieltjes integrable, 138 


Bliss’ theorem, 12 


H 
C Hankel, H., 9 
Calderoén, A. P., 143 
Cantor set, 11 
Cauchy, A., | I 
Cavalieri, B., 38 Integral 
Cone sums, 15 TI—Darboux, 6 
rate of approximation, 15 T-Riemann, 5 
Corpus Hermeticum, 14 TI-Riemann-Stieltjes with respect to W, 
132 
Cauchy, 165 
D dominated, 112 
Digital assistance, 55 improper of the first type, 102 
improper of the second type, 122 
improper Stieltjes with respect to VW, 142 
F pattern, 2,96 
Function pattern Riemann-Stieltjes, 137 
Lip,, Lipschitz of order a, 22 Riemann, | 
T—Darboux integrable, 6 simple, 129 
TI—Riemann integrable, 5 uniform, 2, 97 
TI-Riemann-Stieltjes integrable, 132 uniform Riemann-Stieltjes, 138 
bounded variation, 22 Intermediate value 
Cauchy integrable, 164 general Darboux property, 25 
concave, 48 
convex, 48 
Dirichlet, 20 K 
dominantly integrable, 111 Kepler, J., 38 
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022 175 


A. Torchinsky, A Modern View of the Riemann Integral, 
Lecture Notes in Mathematics 2309, https://doi.org/10.1007/978-3-031-11799-2 


176 


L 
Lagrange trigonometric identity, 20 
Littlewood, J. E., 68 


M 

Modified Riemann sums 

Riemann integral, 75 
Riemann-Stieltjes integral, 132 
Modulus of continuity w ¢ (5), 21 
Moscow Papyrus, 13 


N 
Newton, I., 13, 14, 38, 44 


10) 

Oscillation along a partition, 108 
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